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Chapter 1 e
Lower Bounds for the Advection-Hyperdiffusion
Equation

Fabian Bleitner, Camilla Nobili

Abstract Motivated by [7], we study the advection-hyperdiffusion equation in the
whole space in two and three dimensions with the goal of understanding the decay
in time of the H~'- and L?-norm of the solutions. We view the advection term as a
perturbation of the hyperdiffusion equation and employ the Fourier-splitting method
first introduced by Schonbek in [8] for scalar parabolic equations and later general-
ized to a broader class of equations including Navier-Stokes equations and magneto-
hydrodynamic systems. This approach consists of decomposing the Fourier space
along a sphere with radius decreasing in time. Combining the Fourier-splitting
method with classical PDE techniques applied to the hyperdiffusion equation we
find a lower bound for the H~!-norm by interpolation.

1.1 Introduction

We study the advection-hyperdiffusion equation in R” given by

0,0+u-Vo+KkA?0=0 in R" x (0,00),
V.u=0 in R" x (0,e0), (1.1)
0(x,0) = 6p(x) inR",
where k > 0is the molecular diffusion coefficient and n = 2, 3. This equation models

a hyperdiffusive scalar concentration field 6 advected by a time dependent incom-
pressible vector field u. Analytical and numerical mixing estimates are derived by
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Miles and Doering in [6] for the classical advection-diffusion equation, obtained by
replacing A? with —A in (1.1). Their numerical simulations indicate that the “fila-
mentation length”
A= HV7] GHZ

162

where

Ivtel3= [ (1&17161)" a8

reaches asymptotically (in time) a minimal scale, called the Batchelor scale. The
filamentation length A defined by Miles and Doering is a measure of mixing. Dif-
ferent mixing measures have been introduced in the last few years (see the excellent
review paper [10] for an overview on this topic), but the H~'-norm proposed in [4],
is the one that better captures the mixing mechanism as it emphasises on the role of
large wave lengths in comparison to small wave lengths.

The rigorous proof for the convergence of A to the Batchelor scale on bounded
domains is a hard problem and only few partial results are available. In particular
we want to cite the work in [9], where the author derives L' estimates on Little-
wood—Paley decompositions for linear advection—diffusion equations on the torus.
Using the Fourier-splitting method introduced by Schonbeck [8], Pottel and the sec-
ond author in [7] showed that in the whole space and under suitable conditions on
the initial data, depending on decay rate assumptions on ||u(¢)||> and ||Vu(?)||«, the
filamentation length A either diverges to infinity or is bounded from below by a
function that converges to zero. In this second scenario, mixing is possible.

The problem of mixing for the advection-hyperdiffusion equation has already
been addressed in a few works. Here we want to mention the work in [1], where the
authors considered the advective Cahn-Hilliard equation

0 +u-VO+KkA20 =A(6°—0), (1.2)

on the n-dimensional torus, and study the effect of stirring on spontaneous phase
separation. For # = 0 and small x solutions to (1.2) can spontaneously separate into
regions of high and low concentration. On the other hand, if u is sufficiently mix-
ing, the authors show that the separation effect will be dominated and the solution
converges exponentially to a homogeneous mixed state. In [2] the authors consid-
ered (1.1) where u is an incompressible flow with circular or cylindrical symmetry
in 2 and 3 space dimensions, respectively, and studied enhanced dissipation, a phe-
nomena intrinsically connected to mixing (see [11] where the authors establish a
precise connection between quantitative mixing rates in terms of decay of negative
Sobolev norms and enhanced dissipation time-scales). Exploiting the enhanced dis-
sipation arising from the combined action of the hyper-diffusion and the advection
to control both the nonlinearity as well as the destabilizing effect of the negative
Laplacean at large scale, the authors in [5] prove global existence for the modified
Kuramoto-Sivashinsky equation

39 +u(x)2s9 + 3 IVO + VA0 +vAg =0
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on the 2-dimensional torus.

In this paper, we are interested in understanding how the lower bounds for A
change when the diffusion operator in the advection-diffusion equation is substituted
by the bilaplacian. We apply the methods of [7] to bound solutions of the advection-
hyperdiffusion equation. Our main result is the lower bound for the energy of the
solution given suitable initial values and decay estimates on the flow.

Theorem 1.1 (Lower Bound for the Energy). Let the initial data satisfy
6 € L'nr?

and
60(S)| =M

for || < & and some constant M > 0. Moreover assume
u(®)]2 ~ (1 +2)" (1.3)

with o0 > %. Then for sufficiently large t the solution 0 of (1.1) is bounded from
below by

1

(1)7 n n
neomzzE%§M6w-@%1+o-a
n

where @, is the measure of the (n — 1)-sphere.

As a consequence of the energy bound one gets a lower bound for the filamenta-
tion length and the H~'-norm.

Theorem 1.2 (Mixing Bound). Let the assumptions of Theorem 1.1 be satisfied and
additionally suppose 6y € H' and

V() |leo = cv,(1412) 7", (1.4)

Then there exist constants cy,cy > 0 depending on cy,, n, M, @, 6, K, ||6]|1, ||60]|2
and ||V 6|2 such that for sufficiently large ¢

[97100)ll2 > ea(140) ¥4 o 1),
A > c(1+1)3 fo (1),

(1.5)

where . 1
e 1oy (1) 7Y=1) for0<v<1,
fat) =<1 forv=1, (1.6)

(141)esne v (1=0407070)pory S .
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The long time behaviour of these bounds is given in Table 1.1, where

IV="0ll > £(5) =5 fo,

t—o0

A>g(t) = ge-

O<v<l v=1 v>1
N2 f=0 feo = const foo =00
ngo 8o = goo =

0 if ¢, < §

_ _ _ : _1

n—3 fe=0 fo=0 Jfeo = < const 1fcvl,—ff

oo ifCVL,>§

Table 1.1: Long time behaviour of the mixing bounds.

Oragnization of the paper

In Section 1.2 we introduce the Fourier-splitting method, which consists in splitting
the whole Fourier space in a ball with decreasing in time radius and its complement.
This allows us to estimate the time derivative of the L?>-norm of 6 on the whole
space by the L?-norm in this ball. Integration in time then yields an upper bound on
[16(2)]]2, under some specific decay assumptions on ||u(t)]|2.

In Section 1.3 we prove lower bounds for || 6(¢) ||, by viewing the solution of (1.1)
as a perturbation of the hyperdiffusion equation. In particular, in Subsection 1.3.3 we
show that, under suitable decay assumptions on the stirring field, the perturbation
decays at least as fast as the solution of the hyperdiffusion equation, yielding the
result Theorem 1.1.

Finally, in Section 1.4 we derive upper bounds for the gradient of the solution
yielding the result in Theorem 1.2 by interpolation.

Notation

Norms are considered over the whole space unless differently stated. a < b denotes
a < c¢b for a constant ¢ > 0. Similarly a ~ b and a 2 b with a = ¢b and a > cb. As
we did not attempt to optimize the constant prefactors in the upper/lower bounds,
the dependency of constants on parameters like the dimension 7, the molecular dif-
fusivity x or the decay exponents ¢ and v (see (1.3),(1.4)) will often be hidden to
increase the readability of the manuscript, unless tracking is required for the argu-
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ment to work. Note that in few estimates these constants that we do not want to track
may change from line to line, without being renamed.

1.2 Upper Bound for the Advection-Hyperdiffusion Equation

In this section we introduce the Fourier-splitting method and prove upper bounds for
the advection-hyperdiffusion equation under suitable decay of the flow field. This
bound will later be used to derive upper bounds for the perturbation and the gradient
of the solution.

Lemma 1.1 (Upper Bound for the Advection-Hyperdiffusion Equation). Let the
initial data satisfy
6 € L'ne?

and let u(-,t) € L* be a divergence-free vector field satisfying

lu@lz ~ (141" (L.7)

with o0 > 6%”. Then there exists a constant ¢ > 0 depending on n, a, X, ||6p||1 and

1602 such that
10(1)[l2 < c(1+2)78.

Proof. The proof consists of 3 steps. First we bound the derivative of the L>-norm
of @ over the whole space by the L?>-norm of 6 over a ball with radius decreasing
in time. Second we show, by integrating this ODE in time, that if 6 decays with
some rate in a specific range then it actually decays faster. Third we iterate to get
the maximal decay rate of this range resulting in the final bound.

Step 1:

Testing (1.1) with 0, using partial integration, one gets

1d '
— 8|5 = —x/ 0A%6 dx— / Ou-VO dx = —x||A6]3, (1.8)
2 d[ Rn JR"
where the advection term vanishes by the incompressibility condition of u as
Ou-VOdx=— | 6*°V-udx— | 6u-VOdx=— | 6u-V6 dx.
R" R" JRN JRn

By Plancherel (1.8) can be expressed in Fourier space via
d a2 24112
1912 = —2x][576]3. (1.9)

Define the set
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S(t)={S eR" [ I8l <r()}

1

with r = (%ﬂ)) ! , where 8 > 0 is a constant to be specified later and denote its

complement by S¢. Then by (1.9)
d N N N
1813 = ~2x1§2013 < 21263 = —2¢ | |E[*16a

< —2xr* [ |oPag = —2xr* (1013~ 6135

B (a2 12
— 7 (1813 - 181325

such that
d BlAI2 B—11A112 gd A
S (1 +0PUBI3) = BO+0P 813+ (140)P 11013
<BO+0P 613 —B(1+0P " (013 116]2) (-10)
=B+ 6] g

Step 2:
Assume
18] SA(1+1) (1.11)

with A depending on k., n, |61 and ||6p||2 for some ¥ > 0. Notice that by (1.9) the
assumption is fulfilled for Y = 0. Writing (1.1) in Fourier space

6, =—x|E[*0—u-Vo (1.12)
and its solution is given by
B(1,8) = e FE1 Gy () — /0 =) VB (5, ) ds.
Young’s inequality yields

t —
B = e y(E)P — 20 e By &) [ eI T (5,8

t — 2
+ (/ e MEM 9V (s, &) ds)
0

\ . \ - 2 (1.13)
Sze—leé\ t|é0(€)2+2(/ P <t—s)u~V9(s,§) ds)
0

§2e‘2"'54’|éo(§)2+2(/0t m!(s,é>ds)2.
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Using the incompressibility of u, the advection term can be estimated by

/ u6 - ik ¥ dx
[Rn

u-ve|(&) =

/ 1-VOeE iy
IR”

/ uf - Veltdx
[R)l

<&l lull2llBll2 S AIEI(1+1)"*7,
(1.14)
where in the last inequality we used assumptions (1.7) and (1.11). Using In(1 +
1)< é(l +1)% with 0 < € < 1, the integral on the right-hand side of (1.13) can be
bounded by

o t
WV (5,8) ds < AIE| [ (1+5) 7 ds
0

0
=T ((1+t) —loty) 1) fora+y<1
=A|E| < In(1+71) foroa+y=1

S (1—(1+t)*(7+°‘)+1) for o4y > 1
Ty (10 @) foro4+y< 1
<A|&| (l—i-t)e fora+y=1
a+y | fora+y>1
< AlG|hay(1), wis)
where
(1) foraty <1
hary(t) = L(141)¢ foro+y=1
ﬁ’yfl fOr a+'}/>l
Calculating

r(t) ©,_
2 = 2 — n+1 _ Wn-1 n42
I8l = [, JEF dE = anr [ dp = Py
wi (1.16)

— Wy —1 B 4
n+2 \2x(1+1)
we can integrate (1.13) over S and, using (1.15) and Lemma 1.5 (proven in the
Appendix), find
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o 2
u~V9‘(s,§)ds

A2, o || —xlEl H2
1812(5) =2 |4 by [, +2

JO LZ(S)

—lEt A
o

2 )+A2H€”L2 a+y()
5 n42 (1.17)
(8) " s a0

n+2

st el +at(B) T a0 P00

Plugging (1.17) into (1.10) one gets

d A N
- B 2\ — B-1 2
S (0P 1613) = B +1P~" 16112,
S B H (0P oo
AR KT (1P R (1),

Choosing 8 big enough such that the right-hand side becomes a polynomial with
positive exponent and integrating in time yields

(1+0)P)16]3 - H%H%

<K‘_7 ﬁ

~ B-

((1 T 1)

i I Bt -2(atnt]
(@) b5 2(atn+ ((1“) P 1)

+A2 _713# 87228+ﬁ17%7% ((I—H)zHﬁi%T_])

I ((1 T 1)

_1
a+y-1 ﬁ_%_%

such that dividing by (1 +17)P results in

B a L
= [16olIT(1+1)~4
B—4
3

1 1 —2(a+7)+3
1—(0‘+7)B—§—2(a+y)+3(1+t) 2
1

—ni2 n+6 — _n_1
A2 ﬁ 4 € 22€+ﬁ n %(1+t)28 42
1

—L (1482

16115 < 18ll3(1+1)7F + x4

a+y at+y—1 ﬁ*%*j

and for a+y < %
Hé”% < C(l +[)_%_2<06+*y)+%7

while for o+ > 3
1613 < e(1+0)7%,
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where in both cases the constant depends on n, «, ¥, k., ||0||1 and ||8]|>.

Step 3:

In the previous Step we have shown that assuming ||0]|, decays with rate 7y it ac-
tually decays with rate v = g + 0t + % — % if a4+ < % or with rate y = g if
a+y > %. Iterating through this process one finds

n 3
')/j'+1:§—z+a+')/j

such that the condition o > 6;" ensures ¥; is a strictly increasing sequence resulting

in the desired decay rate.

1.3 Lower Bound for the Advection-Hyperdiffusion Equation

For the lower bound on the solution of the advection-hyperdiffusion equation we
first prove a lower bound for the hyperdiffusion equation and then show that the
perturbation that arises because of the advection decays at least with the same rate.

1.3.1 Lower Bound for the Hyperdiffusion Equation

Lemma 1.2 (Lower Bound for the Hyperdiffusion Equation). Ler T solve

o,T+ kA>T =0 in R" x (0,00),
. (1.18)
T(0,x) = 6p(x) inR"
and 6y € L? satisfy .
80(8)| =M (1.19)

for|&| < 6. Then fort > 1

IT()2 > @F 0~ bM83e s (14.0)F,
where @,_1 is the measure of the n — 1-sphere.
Proof. As the Fourier transform of (1.18) is given by
oT +x|E[*T =0 in R" x (0,0),
T(O,é) = éo(é) in R"



10 F. Bleitner, C. Nobili
its solution can be represented by
7(1.8) = Bo(&)e 1",
which by Plancherel and assumption (1.19) yields
/ |T|2dx:/ |T‘2d§ — / |éO|2672K‘§|41d§ ZM2/ 672’(":‘4[ dg
Jrn Rn JRn E|<8

(1.20)

By passing to spherical coordinates and the change of variables y = (2Kt)%r the
integral can be expressed by

é
/ o 2KIE[Y d& = (Un—l/ o2kt =1 g
§|<o 0
(121

. rexnis
—oe) [T e,
0

where @, is the measure of the n — 1-sphere. For r > 1 we estimate this integral

by
(2xr)
J

-
N

5 (2K)38

445
67“4un71 d‘u Z /(2K>4 67#4#,171 d‘LL 2 672)(64/ un71 d‘u
0 0
_ Lt i,
n

(1.22)
Combining (1.20), (1.21) and (1.22) yields the claim as

o

(2xr)4 6

/ T dx > M2/ e 208l g :Mza),,,l(ZKt)*%/ T
R" 1E]<s 0

SV chai WL LIRS
n

1.3.2 Upper Bound for the Perturbation

Lemma 1.3. The perturbation 1 = 0 —T solves

IN+KkAN+u-VO=0 inR"x (0,00),

1.23
N(x,0)=0 inR" (1.2

Suppose the assumptions of Theorem 1.1 are fulfilled. Then there exists a constant
¢ > 0 depending onn, a, x, ||6l||1 and ||60||2 such that
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3 n_a 5
N2 <c(1+6)i &% iflfg<oc<z

n 5
g ifa > —.
Hor=y

1

2 <c(l+1)74

The proof works similar to Lemma 1.1 based on the Fourier-splitting method.
Proof. Testing (1.23) with 7, using partial integration and 1 = 6 — T, yields

1d
S gImiB=—x [ nanax— [ nu-ve x

:—KHAT]H%—/ 0u-VOdx+ | Tu-V6 dx.
R” R"

The second term on the right-hand side vanishes as by partial integration and the
incompressibility condition on u as

Ou-Vodx=— | 6*°V-udx— [ 6u-VOdx=— | 6u-V6 dx

R” R” R? R?

and the third term is given by

Tu-Vdx=—| TOV-udx— Ou-VT dx = — Ou-VT dx
R R R R
such that Holder’s inequality yields
1d 2 2 2
22l =—xlAnlz+ [ Tu-V6 dx< —x||An[f2+ VT [l 2] €]z

Analogous to before define

S)={S eR" [ 18] <r(0)},

N

where r = (%) with a constant 3 > 0. Then from Plancherel follows

2
2 +2[VT [[w]ull2][6]]2

d 2 2.5
EH’?Hz =2« |||IE*A
<=2k [ 1E[APAE+2|9T - ula]0]12
<—B(1+0" [ 1APdE +20VT|-]ulao]:
= =B(1+0"" (1913~ 1A 1) + 2197 - el 61

such that
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d d
a Biini2) — B—11,. 2 B 2
S (0P ImIB) = B+ mIB+(1+0P T3
= BO+0P 125 +201+ 0P VT | ]2 0]

(1.24)

In order to estimate the first term, the solution of (1.23) in Fourier space is given by

f(1,8) = —/Ot e ME =) V0 () ds

such that by (1.14), the decay assumption (1.7), Lemma 1.1 and (1.16)
A2 ” ) )
||17Lz<s)=/s(/0 e su.ve(g)ds> dé
! Kl —s) 2
< ([ s g utalon s)
t R 2
< fier([avoetas) a
S 0
1 o, 2
:/S‘é|2 <(X+n— (17(14»;) o 8+1)) dé
n

(1.25)

as @ > 1 — g. Combining (1.25) and (1.24), Lemma 1.5 (proven in the Appendix),
the decay assumption (1.7) and Lemma 1.1 we find

d 14
(1 +0PImI3) = BA+0P A2 5 + 20+ VT ull2 0]

A

n 3 n 3 n
BT kA2 (140374 1 (140 | VT || u]l2] 0]z
BItI(140)P 2t (140)P i i,

Choosing > % +7%, % + 4 + o and integrating in time yields

1 n_1
Biipl2 < —— B—4—7 _
(0P InB 5 gy (0407 )

such that dividing by (14-7)P results in the desired decay as
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1

Hn”% 5 (1 +t>7%77 +(] —|—l‘)7%*a+%.

1.3.3 Lower Bound for the Energy

We are now able to prove Theorem 1.1, i.e. the lower bound for the energy.

Proof (Theorem 1.1). As 1 = 0 —T and therefore | T2 = ||[n— 0|2 <02+ |In2
the energy of the solution of the advection-hyperdiffusion equation can be bounded
by ||0]l2 > ||T ]2 — ||n]|2- Lemma 1.2 yields a lower bound for 7', while Lemma 1.3
implies an upper bound on 1 such that

1612 > 71l = Imll2 = aM8e ™ (140) 78 +c(140) §+5 mr{E3)
>¢ (Ma%e—K54 —e(1 th)%_mi“{%’%}) (140§,

1 1
where ¢ = w,”_;n~ 2. By assumption o > % such that for all # > #; given by
M3 e K8 — %(1 tpp)3-min{5.3}
the solution decays at most by
1
2

(l) n n
1612 > 2"731114576—@4(1 +1)7%.
n2

1.4 Lower Bounds on the Mixing Norms

In order to get lower bounds for the mixing norms we need an upper bound for the
gradient of the solution as the interpolation takes the reciprocal of this bound.

1.4.1 Upper Bound for the Gradient of the
Advection-Hyperdiffusion Equation

Lemma 1.4 (Upper Bound for the Gradient of the Advection-Hyperdiffusion
Equation). Let the assumptions of Theorem 1.1 be fulfilled and additionally suppose

[Vit]oo = con(141) Y. (1.26)

Then there exists a constant ¢ > 0 depending on cy,, n, Q, K,
IV6o||2 such that

6o

1 9()”2 and
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IVO|l2 < c(1+1) & ey (40" -1) ifo<v<l,
IVO|l2 < c(1+1) "4 ifv=1,
V0|2 < c(1+1)~§d—cwey (104070 0) ey o
Proof. Differentiating (1.1) yields
VO +xkVA?0 +V(u-VO) =0

such that testing with VO and partial integration implies

e||2_—;</ VO.VA20 dx— | VO-V(u-V8) dx

ZdtH Rn

— _k|AVe|E— Z/ 3:00u,9,0 dx — Z 9:01;9:9;6 dx.

R?

By partial integration and the impressibility condition on u the third term on the
right-hand side vanishes as

Z/ 8i9uj8i8,-9 dx = 72/ 8,-8i9u,-8i6 dX7Z/ 8,~98,-uj8i9 dx
j R” X i,j R ' l',j R” ;

= —Z/ 8i6uj8i8j9 dx.
l’,j |R)l

Therefore Holder’s inequality implies

V|2 = —x||AVE|2 — /aeau,aedx

|
2 dt (1.27)

< —«[AVO|5+ ||V“||oo||V9H2-
Similar to before define

S() ={& eR" 16| <r(1)},

1
where r = (%) * with a constant B > 0. Then Plancherel and Lemma 1.1 imply

avel3= [ [EF16PdE > [ |£1°16Pag = [ 1EPI6Pag

= (Ivei3- [ eriora ) =+ (1velz - [opag) (128
S s

P (Ivel3—r1613) = (Ivel3 —er(1+n)7F).

Combining (1.27) and (1.28), the definition of r yields
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d n
SVl < —2ir* (1V6]3 —cr(1+0)7F ) 2] Vull.| VO3
3 n_3
=2(|Vullo = B(1+1)") VO3 +cB2(1+1)"52.
By Gronwall’s inequality and the decay assumption (1.26)
[V6]j3 < 2IVel=—B+o ) v gy |3
+cB? /’ A IVule=B(1+9)" ds (1 4 y=4-3 gg
Jo
< e2f6cw(1+1)’v—[5(1+1)’l d‘L’HVGOH%

(1.29)

_|_CB% /tezf.f.cvl,(lJrS)*V,ﬁ(H»s)*l dS(l —|—T)7%7% dr,
0

where the second exponentiated integral can be calculated by

2% (1) Y =(142)'7Y) =B (In(1+1) ~In(1+7)) )
2 [feuu(14s) ™ =B(1+s) " ds _ ) L2(cvu—B)(In(1+41)~In(1+1))
22 (1) =D (1) =) B (In(141) ~In(1+7)))

e

y e2 vy ((1+[)1 v (1+T>17v) ifv<l

_ (14 1+ ) 269 i
-(55) 4 -
272 (40~ D=4~ e

Choosing 8 > % + g + ¢y, we can calculate the whole expression on the right-hand
side of (1.28). Incase 0 < v < 1

CVu lv
IVOI3 < (1+41) P25 (1507 -1) gy 2

+cﬁ’7(1+t)_2ﬁ/0(1+fc)23‘5T 22 (10070401 g

< (141) 225 (14071 v gy 2
repi(l +t)*2ﬁe2f7"v((1+f>1’v—1)/I(l +1)iar
0
= (14172821500 =1) v, 2

n cB2 (1 +t)—2ﬁez%((l+t)“v—l) ((1 +T)2[37%*% _ 1)

Incasev=1
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4 n
V813 < (140 P[Vey |+ (102w ) [ (14+aph2ee-i-3 ar

= (141)*ews ||V90||z

—— (1 +1¢ 2(evu—B) 141t zﬁfzcvlﬁ%f% ~1
2[3—2cv,,—§—%( ) (a+n) )

Incase v > 1

u (v—1)
IVO|3 < (1+41) 2P 2w (1-0407070)  ygy 12
+eB3(141) 2Py (1m0 Y)

! Vu
. / ez
0

S (140 22 (=007 ) g gy 3

!
+CB%(1_’_t)—ZﬁeZ%(lf(H»t)*("*l))/ (1+1)2ﬁ—26vu—§—% dt
0

¢ ((147)~ (v=1_ )( +1)2B i 2d17

= (1) 2B (007 vy 3
3
CBZ 9 vy (17(1+t)_("_1))

v—1
le

2B —2¢cy,—5—>
/3<1+12/5 2ey,— G~ %71)

§ce2\f (114070~ 1))(1+t) ZCvu—%—%,

(1+1)”

Combining Theorem 1.1 and Lemma 1.4 we are now able to prove the lower bounds
for the mixing norms.

Proof (Theorem 1.2). By Plancherel and Holder’s inequality

1013 =11815 = 1116 117'8(l, < [[1&l6], [liEI"6]l, = IVl V"6l

such that using the lower bound on 8 of Theorem 1.1 and the upper bound on VO
of Lemma 1.4 one finds

IV-tel. > ll6l3]Ivell;"

e T ((407V=1) ifo<v<l,
2 (1+6)75 %41 ify—1,

(14 1) vor (1007 0) ey o

and for the filamentation length
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V'] _
=100k o) ve;
161]2
-1 (14)17v-1) .
e TV ifo<v<l,
>(1+1)34 1 ifv=1,
(14 1)eve v (1=00770) gy S,

1.5 Conclusion

Using the Fourier-splitting method we were able to prove upper bounds for the
advection-hyperdiffusion equation under suitable decay assumptions on the velocity
field. In turn, viewing this equation as a perturbation of the hyperdiffusion equation
provides lower bounds on the energy decay. Interpolation then results in bounds on
the mixing norms. In particular if the velocity field is decaying sufficiently fast the
filamentation length diverges to infinity.

1.6 Appendix

The following properties of the hyperdiffusion kernel can be found in [3].
Proposition 1.1. The hyperdiffusion kernel is given by
G(t,x) = anti%fn (|x1|> )
¢4
where o, is a normalization constant and

f(m)=n'"" ./Ome’ﬁ(ns)%l%(ns) ds,

where Jy, denotes the v-tv Bessel function of the first kind.
* there exists K,, > 0 and W, > 0 such that

4
lfn(m)] < Knei#nn3

forallm > 0.

fu(M) = =N far2(n)
foralln > 1.

Lemma 1.5 (Bounds for the hyperdiffusion equation). For 1 < p < coandt >0
the hyperdiffusion kernel fulfills
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==

16l Supr 4 07)
(1-3)-

and the solution of the hyperdiffusion equation (1.18) can be bounded by

Iz
Sl
i

IVGllp Snpt

ITll2 < ()~ [60]h

_n_1
IVT[l2 < (k)" 874|601

n_1

VT [l S (1) 73 7% |60 ]2

and
Heﬂdél“ )

N (k)% | 60]|1.-

Proof. By passing to spherical coordinates, the change of variables p = 4

Proposition 1.1 one gets

)

p

|G| = ant dr

Je(7)
ta

s
dx~1t" 3 -
0

and

o 4
:f%(pf')/ P @ dp 1Y [Tt e ap <
0 0

and similarly

VGl =afr % [ ‘W() dxrr i) |
Nt*Z(”Jrl)/ rnfl f/ (r) p

n\ 1

0 ta

p
dx

()
ta

n

oo , [ 4
:;—%(p—l)—%/o P" | fuz2 ()P dp gt—%(p—l)—%/o ple P23 gp

B

~0-D-

A

The bounds on T follow directly as
T(t,) =G(xt,")*To(-),
Young’s inequality for convolution and the previous bounds on G yield

T2 < [|G*6oll2 < [|Gll2]|60ll1 < (%) 5 |60]l1

_n_1
VT2 < [[VG*6oll2 < [[VGI2[|60]l1 < (1)~ 5% |60l
_n_1
VT [|ee < [VGx0lle < [|VGll2[[€0]l2 < (1) ™84[ 60]|2-

drNt*%(”*”*%/o P AP dp
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Analogously by Plancherel

o lEA A n
e8| =116t )< B0() < Gl 180l S (xr)¥ 161
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