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Large-time behavior of the 2D thermally non-diffusive Boussinesq equations with Navier-
slip boundary conditions

Fabian Bleitner®, Elizabeth Carlson(® and Camilla Nobili

Abstract. This paper investigates the large-time behavior of a buoyancy-driven fluid without thermal diffusion under Navier-
slip boundary conditions in a bounded domain with Lipschitz-continuous second derivatives. After establishing improved
regularity for classical solutions, we analyze their large-time asymptotics. Specifically, we show that the solutions converge
to a state where as t — oo, ||ul|yy1,» — 0, and hydrostatic balance is achieved in the weak topology of L2. Furthermore, we
identify the necessary conditions under which stable stratification and hydrostatic balance can be achieved in the strong
topology as time approaches infinity. We then analyze a particular steady state, the hydrostatic equilibrium, characterized
by u=0,0 =0z2+vand p = gxg + vyx2 + 6. In a periodic strip, we establish the linear stability of this state for 8 > 0,
indicating that the temperature is vertically stably stratified. This work builds upon the results in Doering et al. (Phys D
Nonlinear Phenom 376-377:144-159, 2018), which focus on free-slip boundary conditions, as well as recent studies (Aydin
and Jayanti in Fractional regularity, global persistence and asymptotic properties of the Boussinesq equations on bounded
domains, https://arxiv.org/abs/2403.12509, 2024; Aydmn et al. in On asymptotic properties of the Boussinesq equations,
https://arxiv.org/abs/2304.00481, 2023) that address no-slip boundary conditions. Notably, the novelty of this study lies
in the ability to directly bound the pressure term, made possible by the Navier-slip boundary conditions.
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1. Introduction

In real-world phenomena, fluid behavior is influenced by external forces, boundary conditions and various
physical factors, including active scalars that characterize the flow. In the ocean, temperature and salinity
are common examples of these scalars. This paper focuses on the Boussinesq approximation, where density
variations due to temperature differences are retained only for generating buoyancy forces under the
influence of gravity. Here, the active scalar (typically representing temperature or density), which diffuses
and is advected by the fluid, affects the flow solely through buoyancy forces. The Boussinesq system is
given by

ur +u-Vu —vAu = —Vp—i—@l%
V-u=0
0 +u-Vo = ulb
(u, 0)(2,0) = (uo, bo)(x)
where u is the velocity, 6 is the active scalar, k represents the vertical direction (/2: = ey in 2D, k= ez in
3D), v is the viscosity, and p is the diffusivity of the active scalar. In full space with v, u > 0, the system

has a unique global weak solution with initial data in L?, with improved regularity of the solution when
the initial data is smooth [7]. Limiting cases are natural extensions for study, allowing one to gain insight
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into dominating behaviors of the system. For example, compressible (V - u # 0) adiabatic (4 = 0) and
inviscid (v = 0) flows are commonly considered in astrophysics (see, e.g., [45]).

The particular limiting case we consider in this paper is the case where the fluid has an active scalar
whose diffusivity is negligible, i.e., u = 0. In particular, we consider the 2D incompressible, thermally
non-diffusive Boussinesq equations

u +u-Vu —vAu = —Vp+ ey (1)
V-u=0 (2)

Oy +u-Vo=0 (3)
(u,0)(,0) = (uo,00)(x) (4)

One physical understanding of the choice of u = 0 is the assumption that the system is adiabatic;
that is, no heat (or scalar) is exchanged with the surroundings through diffusion, and transport occurs
purely through fluid motion. The motivation for studying this problem is closely related to boundary layer
theory [39]. Additionally, in two dimensions, the structure of the fully inviscid and thermally non-diffusive
system—while at most locally well-posed (see [10,11] and references therein)—bears similarities to the
structure of the three-dimensional Euler equations for axisymmetric swirling flows. This similarity leads
to analogous mathematical challenges in obtaining estimates. For further discussion on this connection,
see [16], and for recent progress, refer to [40] and references therein. Several studies have addressed the
system’s well-posedness in full space, the torus [9,11,15,23,24,26,33,36], and bounded domains with
smooth boundaries, considering both no-slip [25,34] and free-slip conditions [16,28].

In this paper, we are interested in the Navier-slip boundary conditions in the tangential direction and
no-penetration conditions in the normal direction, that is,

(Dun+au)-7=0, (5)
u-n=0 (6)

where n is the unit outward normal vector, 7 = n* = (—ng,ny) is the corresponding tangent vector,

and Du = %(Vu + Vu®) is the symmetric gradient. The Navier-slip boundary conditions serve as an
“interpolation” between free-slip and no-slip conditions. They are more physically realistic than free-slip
conditions and, in many cases, provide a more accurate representation of fluid behavior compared to
no-slip conditions (see, e.g., [37]).

Kelliher [30] extended results on the existence, uniqueness and regularity of solutions for the 2D
incompressible Navier—Stokes equations with Navier-slip boundary conditions, building on earlier work
[13,21]. The global existence and uniqueness of the partially dissipative Boussinesq system (1)-(4) on
general bounded domains with Navier-slip boundary conditions for non-smooth initial data is proven in
[27]. Using techniques from [5], we follow the main strategy of [16], who study the same system with
free-slip boundary conditions, and prove higher regularity of the solutions under the same conditions as
in [27]. Our first main result concerns the regularity of the system.

Theorem 1.1. (Regularity)

o (Uniform Regularity) Let Q be a C*-domain, 0 < a € W1>°(9Q), ug € H?(Q) satisfy the corre-
sponding incompressibility and boundary conditions and 0y € L"(Q)) with ¥ > 4. Then, solutions of
(1)—(5) satisfy

u € L™ ((0,00); H*(Q)) N LP ((0,00); WHP(Q)) (7)
u, € L ((0,00); L*(Q)) N L* ((0,00); H' () (8)
p € L™ ((0,00); H' () (9)
6 € L>((0,00); L™ () (10)

forany2<p<ocoandl1l <r<r.
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o (Higher regularity) If additionally Q2 is a simply connected C*'-domain, 0 < o € W2>°(9Q) and
the initial data satisfies 0y € WH4 with § > 2, then

we L ((0,T); H3(Q)) N Lz ((0,T); W>P(2))
0 € L>((0,T); Wh4())
foranyT >0,2<p<ooandl <q<q.

In [27], the authors establish global well-posedness results for strong solutions in the class u €
L ((0,T); H* () N L? ((0,T); H*(Q)) and § € L> ((0,T); L>=(Q)) for any T > 0. Using techniques
from [5], Theorem 1.1 extends these results by showing that the crucial a priori bounds hold universally in
time in a space of higher regularity. Specifically, we obtain v € L ((0,00); H*(Q))NLP ((0,00); WP (£2))
for any p < oo. Additionally, under more restrictive conditions, we prove u € L2 ((07T);H3(Q)) N
L ((0,7); WP(Q)) for any T > 0 and 2 < p < oco.

Our next goal is to show large-time asymptotic behavior of the solution to (1)—(5). In the last ten
years, there have been numerous works studying the large-time asymptotic behavior of the Boussinesq
system (with full and different combinations of partial dissipation or diffusion) in either 2 or 3 dimensions:
For the case 4 = 0 and v > 0, several studies have addressed different configurations. In two-dimensional
domains, results include cases with C' boundaries [34], periodic domains [3,42] and C?7 polygonal
boundaries with free-slip conditions [16,38]. Studies on systems with no-slip boundary conditions can be
found in [2,38], while results for periodic strips are presented in [8,12]. Additional boundary conditions
and small initial data have been explored in [19], and results with lower bounds for the 2D torus, full
space and periodic strips are discussed in [31]. In the case where both p > 0 and v > 0, studies on the
three-dimensional full space can be found in [6,44]. For mixed viscosity and diffusivity, various results
are available for two-dimensional systems [29,35,43,46], while three-dimensional results can be found in
[41].

In [16], the authors considered free-slip boundary conditions and analyze the large-time behavior of
the perturbation near a particular steady state called the hydrostatic equilibrium and showed that the
L? norm of the velocity field and its first order spatial and temporal derivatives converge to zero as
t — oco. As a consequence, their result demonstrates that the pressure and concentration stratify in the
vertical direction in the weak topology. In [32], the authors assumed no-slip boundary conditions for u
on a bounded domain and showed that for data satisfying (ug,6p) € (H?> N Hg) x H with V - ug = 0,
one has

Iu(t)llzs — 0, [[Au(t) ~ B(B(t)ea)llz> — 0 and | Au(t)]z2 < C,

where P = Id+V(—A)~!div is the Leray projection and A = —PA is the Stokes operator. In the follow-up
paper [2], the authors proved that, ast — oo, P(6(t)ez) weakly converges to 0 in the class of L? vector fields
with V-u = 0 and u-n = 0 on 092. Most recently, in the same setting the authors of [1] extend the results
in [32] to initial data with different regularity and prove that the concentration 0(t) achieves a steady

state 6 if and only if lim; .o (Id — P)(0(t)es) = feq, with ||0]| 12 = ||6o]||z> Moreover, if such convergence
to a limiting steady state holds, it is proved that ||Au(t)| 2 =20 and [|[Vp — 6(t)es|| L2 =0

Inspired by the results in [1,2,16] and using techniques developed in [5], we prove the following
Theorem 1.2. (Large-Time Behavior) Let Q be a C%1-domain, 0 < a € Wh2(9Q), ug € H*(Q) satisfy
the corresponding incompressibility and boundary conditions and 0y € L*(£2).

1. Ast — oo, we have

(a)

u(t) =0 in Wh? for any 1 < ¢ < oo
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(b)

u(t) — 0 in L?
(c)
Au— 0, Vp(t) —0(t)ea =0 in L?
2. Let £ € L? withV-£=0and & -n =0 on 0Q and Vx € L* with [ x =0 be the divergence-free and
Q

curl-free part of the vector fes, respectively, i.e., Oeq = € + Vx. Then, ast — oo
(a)
Vp(t) — Vx(t) — 0 in L?

(b)
() —0 inL?

(c)
vAu(t) +£(t) — 0 in L?
3. Suppose that fey converges to a steady state  in L?. Then, ast — oo
Au(t) =0 in L?
and
Vp(t) —0(t)ex — 0 in L? (11)

Notice that under the assumptions in part 3 we have ||£]|2 — 0 as t — oo (see the proof of Theorem
1.2). This implies that

fey = tlim Vx in L?

which means that fe; must be curl free in the limit, and, in particular 0 = V x (fey) = 016. The fact that 0
is independent of 21 means that the fluid is vertically stratified, while the convergence || Vp—06(t)ez|| 2 =
— 00

0 implies the hydrostatic balance is achieved (in the limit) in the strong topology. Parts 2 and 3 of our
theorem were inspired by recent results in [1,32].

We note that, unlike in [1,32], we do not project our equations onto the space of divergence-free
vector fields. While such a projection would simplify the analysis, it is not compatible with the boundary
conditions considered here. Instead, taking advantage of the improved regularity properties of the flow
under Navier-slip boundary conditions, we work directly with the equations and estimate the pressure,
following ideas from [5,20]. Additionally, under the assumptions of part 3, we are able to demonstrate
full convergence of the Laplacian (not just its divergence-free component) as a consequence of (2c).

One particular steady state that is worth discussing in this context is the hydrostatic equilibrium
considered in [16]: Suppose for a moment that v # 0 and p # 0 and that we are looking for a solution of the
form (0, pre(z2), One(z2)). When formally substituting this Ansatz in (1) and (3), we obtain Oy, ppe(z2) =
One(z2) and 8%29(:52) = 0, respectively. From the last equation, we deduce that 0},,(22) must be an affine
function of the depth of the form 6(z2) = Sz + 7. In the case of the fully dissipative system (u # 0
and v # 0), under free-slip or no-slip boundary conditions an easy argument shows that the steady
solution (0, Bx2+) is globally asymptotically stable when § > 0 (see Section 1.3 in [16]). This motivates
us to study the stability of this Ansatz in the particular circumstances when the thermal diffusion is
insignificant and the velocity satisfies Navier-slip boundary conditions on an arbitrary but regular domain.
The asymptotic stability around the hydrostatic equilibrium of the solution of the Boussinesq system
without molecular diffusivity has been studied under free-slip boundary conditions on a rectangular
domain [16], on the periodic strip T x (0,1) [17] and on an infinite strip R x (0, 1) [18].
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We perturb system (1)—(5), defining

U=1u—Une, 0=0—bhe, P=p—Dhe (12)
where
g
Upe =0, Ohe = Br2+7, Phe = 533% + yx2 + 0. (13)

Then, (@, 0, p) satisfy

Gy 4 @ - Vi — vAG = —Vp + ey (14)
V-a=0 (15)

0, + - V0 + By =0 (16)
(@,6)(x, 0) = (i, o) (x) (17)
i-n=0 (18)
Dan+au)-7=0 (19)

where 0y = 0y — B2 +~ and Gy = ug. Note that this system is exactly (1)—(5), just rewritten in the =
variables, and therefore, Theorems 1.1 and 1.2 apply to (14)—(19). By linearizing, we obtain the system

U, —vAU + VP = e, (20)
V-U=0 (21)

O+ BU2 =0 (22)
(U,0)(x,0) = (Uo, Oo)(x) (23)
U-n=0 (24)

DU n+al)-7=0 (25)

where we use capital letters to distinguish from the variables of the nonlinear system. The corresponding
vorticity will be denoted by (. Note that the eigenvalue problem for spatially periodic solutions to (20)—
(22) coincides with Theorem 1.4 (3) in [16], implying instability when 3 < 0. If, however, 5 > 0, we are
able to prove the linear stability of (20)—(25). Indeed, this makes physical sense as denser parcels of fluid
sink, while lighter parcels rise.

Theorem 1.3. (Linearized System) Let Q = T x (0,1), 3 > 0, « € R and assume 0y € H?*(Q) and
Uy € H?(Q) satisfy the corresponding incompressibility and boundary conditions.

o (Regularity) Then, solutions of (20)7(25) satisfy

Ue L= ((, 2)) N L* (0, 00); H*(2)) (26)

Ui € L™ ((0, ) )) L2 ((0, 00); H*(92)) (27)

© € L™ ((0,00); H*(Q)) (28)

P e L% ((0,00); H'(%)) (29)

P, € L™ ((0,00); H*(2)) N L? ((0,00); H*()) . (30)

e (Linear Stability) Additionally, the hydrostatic equilibrium is stable in the sense that

U5z — 0 (31)

IVP(t) = O(t)ez|l> — 0 (32)

fort — oo.
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The regularity result follows in a similar fashion to that of the nonlinear system.

We observe that Theorem 1.2 shows, as t — oo, the solution converges to a state that satisfies the
hydrostatic balance in the weak topology of L?. However, § does not necessarily converge to the linear
profile Bz + v in L?. From our analysis, we only deduce

10(t) — Bxg — ||z — C  ast — o0

(see Remark 3.1). We briefly remark that in all of the works previously cited, the only temperature steady
state under consideration is actually a family of linear profiles, with no clear specification of the constants.
To the best of the author’s knowledge, the only study that explicitly investigates the exact equilibrium is
[28], where this profile is implicitly defined within the context of free-slip boundary conditions. However,
the result is only proved for small initial data, and there is no explicit connection made to the linear
profile.

The decay results (31) and (32) show that the hydrostatic equilibrium (13) is linearly stable whenever
0 is positive. That is, perturbations about the hydrostatic equilibrium (13) of the linearized system
converge to the hydrostatic equilibrium in strong norms.

The absence of nonlinear terms allows us to work solely in Hilbert spaces. The main difficulty for this
problem stems from the absence of conservation laws and maximum principles for (22). The convergence in
(31) is based on the uniform boundedness in time of ||[VO|| 2. We are able to show this when = Tx (0, 1),
taking advantage of the periodicity in the horizontal direction. We want to stress that the bound we derive
for VO is not straightforward: We compute

% LIVeIE: +1: + 519212 + SIvelt: + 5 [ atmey (33)
dt B & B

aQ
(see (194)) and show that, due to cancellations, this is bounded by ||U||%;: + ||U¢||%;:, which, in turn,
converges to zero uniformly in time. As a by-product, we obtain a even higher-order regularity, that is,
U € L*((0,00); H3(€)). We believe that the same ideas can be employed to show the same result in the
infinite strip Q@ = R x (0, 1).

We remark that, differently from the results of Dong [17] and Dong & Sun [18,19], with the methods
employed in this paper, we are not able to give explicit decay rates for the velocity, temperature and
their derivatives.

The paper is structured as follows: Sect.2 presents a series of consecutive a priori bounds leading to
the proof of Theorem 1.1. Section 3 establishes the convergence to hydrostatic equilibrium, as detailed
in Theorem 1.2. Section4 focuses on the linearized system, providing the proof of Theorem 1.3. The
Appendix includes gradient estimates relevant to our geometry and boundary conditions, as well as
technical lemmas used for the main results.

2. Proof of Theorem 1.1

Before starting our analysis, we recall that the signed curvature x of a planar curve is defined as the rate
of change of its tangent vector with respect to the curves arc length, i.e.,

(1-V)T = kn. (34)

For notational simplicity, since u-n = 0 on the boundary, throughout the paper we will denote u, := u-7.
Unless otherwise stated, in the following sections we will always assume

Q is a C*'-domain and 0 < a € L*°(9€) almost everywhere on 9.

Note that Q is a C*!-domain if locally its boundary 92 can be described as a C*'! map, i.e., the map is
k-th-order differentiable and each derivative is Lipschitz-continuous. For details, see Section 1.2.1 in [22].
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Finally, we remark that, as a solution of the transport equation, 6 fulfills
[01l» = 1100l v (35)
forall 1 <p<ooiffye LP.

2.1. Argument for u € L ((0,00); WP (£2)) for p > 2

We start by proving H'-regularity by standard energy estimates.
Lemma 2.1. (Energy bound) Let ug, 8y € L?(Q2). Then, the energy is bounded by
lull 2 < e~ € luo|zz + Cv |6l 2
for some constant C' = C(a,2) > 0.
Proof. Testing (1) with u, we find
;;tHuHLz :f/u~(u~V)u+u/u'Au7/u«Vp+/uQ9. (36)
Q

Q Q Q

Notice that by (6) the first and the third term on the right-hand side of (36) vanish under partial
integration, which together with (203) implies

thHuHLg + 2v||Dul|2. +21//ozui = /u29.
0N Q
Now, Lemma 5.2 yields, for a constant C' > 0 depending only on « and (2,

5l + Slull < [ wo
Q

<ellullz: + ||9||L2
for any € > 0. Choosing € < 57, (35) and Gronwall’s inequality ylelds
d v _
Dz + Ll < oo 0ol

lullZe < €™ & lluollZ2 + C*v 216072 (37)

Lemma 2.2. (H'-Bound) Let ug, 0y € L2(Q). Then, u € L* ((0,00); H'(Q)).

Proof. Let us define the new variables 6 =6— a2y and p=p-— %x% Then, u, p and 6 solve

up +u- Vu — vAu+ Vp = ey in Q (38)
V-u=0 in Q (39)

0, +u- V0= —uy in Q (40)

u-n=0 on 0f) (41)
Dun+au)-7=0 on 02 (42)

8) with u and (40) with 6, we find

(3

1d ) .

% <||u||Lz+||0||Lz):7/u~(u~V)u+y/u~Auf/Vp~u7/0u~V0.
9)

Q Q Q

and testing
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Notice that the first, third and fourth term on the right-hand side vanish under partial integration by (2)

and (6). For the remaining diffusion term, (203) implies

d
G Ul + 1o = alf2) + o [ Dl + [ au | =o.
o0

Integrating (43) in time,

t
lu(t)[22 + () — 2222 + 4 / IDu(s) 2 + / aul(s) | ds
0 oQ
= JuollZ= + 16 — 22

for all t > 0, which by Lemma 5.2, i.e., |Jul|3, < C(||Dull3. +a{2 au?), implies

t
1%
5/”“(8)”?[1 ds < Jluol|Z> + |00 — 227>
0

with C,v > 0, where the right-hand side of (44) is independent of ¢ and therefore
ue L*((0,00); H'()) .

Next, recall that the vorticity w = V+ - u, where V+ = (—0,,d1), satisfies
wi +u-Vw —vAw = 010 in Q
w==2(a+K)u, on 012,

Since 7 = (—ng,nq), using the boundary condition, we decompose w such that
w=wr - T=w(—mn2 +1n1) =2(Dun) -7 —2n- (- V)u.
As u is tangential to the boundary by (6), the last term in (48) can be rewritten as

n-(r-Viu=n-(7-V)(u,7) = ktr,

(43)

(48)

(49)

where in the last equality we used n -7 = 0 and the definition of &, i.e., (34). Combining (48), (49) and

(5) results in the boundary condition (47).
Notice since u satisfies (2), we have the identity

vlw = (8221/'1 — 0102us, —0102u1 + 81211,2) = Au.

Lemma 2.3. (W'P-bound) Letp>2 anduo € WP(Q). Then, u € L> ((0,00); WHP(€)).

(50)

The following proof is a slight variation of [5, Lemma 3.7], and we state it here for the convenience of

the reader.

Proof. Let p > 2. Fix an arbitrary T' > 0, set A = 2|[(a + &)ur|| (0,7 x00) and let ot solve

O 4 u- Vot —vAGT =010 in Q
OF = +|wo) in Q

oF = +A on 0.
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Then, the difference @* = w — & solves

o 4 u- Vot —vAcT =0 in Q
@3EZWO$|L¢)0| in Q
oF = 2(a+kK)u, FA on 0f).

Since the initial and boundary values of % are sign definite, this implies @™ < 0 (@~ > 0) by the
maximum principle. By the definition of @®, we therefore get @~ < w < @t and

lw] < max{|&1+|, |d)_|} . (51)

We will now derive upper bounds for @™, which by symmetry also hold for @~. Omitting the indices, we
define

w=0—-A, (52)
which satisfies
W +u- Vo —vAL = 010 in Q (53)
Wo = |wo| — A in (54)
w=0 on 0f). (55)

Recall p > 2 by assumption. Testing (53) with &|@[P~2 and integrating by parts, we obtain
1 d e N i .
Gol === 1w [1op2196 - (- 1) [ jol 20010 (56)

Next we estimate the last term on the right-hand side of (56) via Holder’s and Young’s inequality by

p—2 ~P=2
(- 1) el 2006 < -1 10],0 072 0" va|
<D g 2 Ligz, 00 o
-2 Lz 2u Ly Le’
where 1 + rias # =1 and therefore ¢ = £, Combining (56) and (57), we find
2(p 1)V ” )\ |2 p—1, 0 . p2
oo Pt
ol + 2222 9 (o) < P el
Next by Poincaré’s inequality, since @ = 0 on 09X,
1d p—1 | p—2
Tl + L a1, < 2oz, 1ol

for some constant C' > 0. We divide by [|&]%,? and then use (35) and Grénwall’s inequality to obtain
lollze < e & ll@ollze + Cr b0l e (58)
Next we estimate A. By Gagliardo—Nirenberg interpolation and Young’s inequality, we get

A =2(a + &)url| Lo (0, 1)x00) < 2|l + KL 00 [ull Lo (0.1 x0)
= CHV“HE(;;((E)T L7 () HuHL*E(?T r2@) t Cllullee 0,152
< €Cl|Vul oo 0,120 (02)) + C (1 + Gm) llull Loo (0,7;22 () (59)

for arbitrary € > 0 and C' > 0 depends on «a,  and p. Plugging the estimate of Lemma 5.3 for k = 0,
proven in the appendix, into (59) and using Lemma 2.1 we find

_2 _
A < eCllwll 101100 + C (1 te+t e) (ol 2 + v 160ll2) - (60)
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Recall that |w| < max{|@&T|, |0~ |} by (51). Combining (52), (58), (54) and (60), we obtain
lwllze= 0,720 (2)) < 1@llzoe 0,707 (0)) = [|€ 4+ AllL<(0,7;20(22))
< l@ollre + Cv 60l zr + CA
< lwollz» + Cv 0ol Lr + €Cllw| Lo< 0,717 (2))

+C (1+e+e7) (luollzs + v 6ollz2)
Finally, choosing € < % and using Holder’s inequality we find

lwllzoeo,7:2r(2)) < C (lwollze + lluollzz + v~ |60] o) - (61)
By (59) also ||ul| e (0,717 (0)) is bounded by the right-hand side of (61), which together with Lemma 5.3
implies
[ull oo 0, mswrp () < C (IVuolle + lluollze + v~ H6ollze) -

As the bound is independent of 7', it holds uniformly in time.
For p = 2, the statement follows from the embedding L? C L? for any p > 2. O

2.2. Argument for p € L°°((0,00); H(£2))

The pressure satisfies
Ap = —(Vu)T : Vu + 0,0 in Q (62)
n-Vp=—kruZ +2v7 -V ((a+ K)u,) + nof on 0N (63)

The equation in the bulk is obtained by taking the divergence of (1) and using (2). In order to derive
the boundary conditions, we trace the projection of (1) in the normal direction on the boundary

n-ur+n-(u-Viu—vn-Au+n-Vp=ny. (64)

The first term on the left-hand side of (64) vanishes by (6). For the nonlinear term, we find

2

n-(u-Viu=umn- (1 -V)u=ru;

thanks to (6) and (49). By (50) and (47), the diffusion term fulfills

n-Au=n-Viw=-2n-V*((a+ru,) =27V ((a+ru,). (65)
Lemma 2.4. (Pressure bound) Suppose ug € WH4(Q) and 0y € L*(Q). Then, p € L>=((0,00); H(R)).
Proof. Testing (62) with p and integrating by parts, we obtain

/pAp = —/p(vu)T : vu+/pa29 = —/p(Vu)T : vu+/pn29— /eagp. (66)

Q Q Q Q o0 Q
Again integration by parts and (63) impliy

Vol = /np-Vp—/pAp

o0 Q

(67)
=— /pmﬁ + /2pu7' -V ((a+ k)ur) + /pn29 - /pAp.
o9 o0 o9 Q
Plugging (66) into (67), we find
IVpl2s = — /pmi + Q/pVT V(a4 R)uy) + /p(Vu)T  Vu+ /952p. (68)

o0 o0 Q Q
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We estimate the right-hand side of (68) individually. The first term can be bounded by the trace theorem,
Holder’s inequality and e-Young’s inequality by

/pmﬁ < Cllallp=Ipullwrr < Clpllg u? ] e

69
1219} ( )
< Oliplla llull e lullwra < ellplF + Ce™Hlulljpa,
the second term by Lemma 5.4 and e-Young’s inequality
[ 2or V(@ wyun)| < Cvl(a+ wnllwsony ] (70)
a0
< ellpllip + CeHlull, (71)
the third term by
[pIVul?|| 0 < Ipllzz I VulZs < ellplFn + e ulli s, (72)
and the fourth term by
100501122 < N0llzzllpllar < ellpli3 + ¢ 16)22. (73)

Combining (68), (69), (70), (72) and (73)
IVplZ < 4ellpllzn + Ce™ (lulliyrs +v2[lull + 10172) -

As p is only defined up to a constant, we choose it such that p is average free. Therefore, Poincaré’s
inequality yields

Ipli7r < ClIVPlZ> < 4ACe|pllzp + Ce™ (lulliyrs + v ullF + 10117-) -
Choosing € sufficiently small, we find
Il < C (llulljrrs + v ulfn +101172) < C (lulliyra + v2[ullfs + 16]74) .

where in the last inequality we used Hélder’s inequality and applying the previous bounds for u and 0,
i.e.,, Lemma 2.3 and (35),

Ipller < C (Juoll i +v=2(160] %4 + vlfuollwrs + [|6oll2)
< C (Juollfrs +v72(600ll74 +22).

2.3. Argument for u; € L ((0, 00); L*(€2)) N L* ((0, 00); H(Q2))
Lemma 2.5. (u,-Bound) Let 6y € L*(2), ug € H*(2), V-uo =0 in Q and (Dug n+ aug) -7 =0 on 9.
Then, uy € L™ ((0,00); L2(Q)) N L* ((0,00); H(12)).
Proof. Differentiating (1), (2), (6) and (5) with respect to time yields
g +up - Vu+u - Vug — vAuy + Vpy = breg in Q (
V s UL = 0 in Q (
ug-n=>0 on 0N (76
(Dug n+ aug) -7 =0 on 0N2. (
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Testing (74) with u; and using (75), (76), (77) and analogous estimates as in the proof of Lemma 2.1, we
find

5 dtHutHL2 + 20| Duy |72 + 21// (7-u)? = — /Ut (ue - V)u+ /etut - ea.
o0 Q Q
Substituting the thermal evolution equation (3) and using integration by parts, (6), and (2),

5 dt||ut||L2 + 20| Dug |32 + 21// (7 u)? = — /ut (g - V)u+ /9u -V (uyg - e2). (78)
0 Q
By Hoélder’s, Ladyzhenskaya’s and Young’s inequalities
2
/ o (e V)l < [ Vul g2 el < CIVullze (190l s el 72 + i)
) (79)
< O Vull 2 [Vl 22 luel 2 + ClIVul| 2 [[uel|Z
< elluellFrn + Ce M| Vullfallue 7
for all € > 0 and similarly
[ 100V ea)] < 10) sl o Va2 < Vel + € 0 e (30)
Combining (78), (79) and (80)
1d
2dt||'U,t||L2 +2V||DUtHL2 +2V/ (T~ut)2
0
< 2el|uellFp + Ce I VullgalluelZs + e IO llulF
Using the coercivity estimate (i.e., Lemma 5.2 applied to u;) (35), and choosing e sufficiently small,
s < el + Sl < € (el + 10olEa) (s1)
for constants C,C' > 0 depending on €, v, ||a_1||£§o, ||a_1/@||230. Gronwall’s inequality yields
C] llu(s) 11 ds f|| (%
s (B)II72 < 2 (0)]17.2 +C||90||L4/ ") 20 ds. (82)

0
Testing smooth solutions of (1)-(5) with wu¢, one gets

luellZ> < lluellczllw- Vullze + viluel g2 [ Awllze + luell 2 0] 22
< luellpz ((ullzr +w)l[wllaz + 1161 22)

implying [|u¢(0)||z2 < ([uollm + v)||wollm2 + ||6o]| 2. Therefore, using Lemma 2.2, the right-hand side of
(82) is universally bounded in time, implying

up € L ((0,00); L*(2)) . (83)
Integrating (81) in time,

o] o0
[ et ds < & (1601 + esssup )= ) [ (o) ds + a3 < o0
0 0

SSS00

by Lemma 2.2 and (83), implying
uy € L?((0,00); HY(Q)). (84)
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O
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. e Regularity: In Sect. 2.1, we showed that for any p > 2
u € L>((0,00); WHP). (85)

The regularity (9) and (8) is proved in Sects. 2.2 and 2.3, respectively. The regularity u € L>((0, 00),
H?) now follows by subtraction. Indeed, by (50) and (1)

V(IVwlZ: = w2 AullZ: = [lue +u- Vu+ Vp — fes 7

(86)
< C (JluelZe + lullfyra + ol +1101Z2) -
Since Q is a C?! domain and o € W2, Lemma 5.3 implies
lullfr < IVullfp + llullfe < Cllwlla + Cllulze < ClIVwll7z + CllulF:. (87)
Combining (86) and (87) and using Hélder’s inequality,
2 2 2
i < C||Vw + Cllul|%
[ullfr= < ClIVw]Z2 + Cllully (88)

< O (luellFz + llullfrs + [pll7 + 16172) -

Notice that by Lemmas 2.4, 2.3 and 2.5 and (35), the right-hand side of (88) is universally bounded
in time with a constant C' = C(«, Q, v, k) > 0, implying

u € L>=((0,00); H*()). (89)

Finally, the regularity of « in (7) follows from (85), (89) and the Gagliardo—Nirenberg interpo-
lation inequality,

-2
ullfyss < Cllullfe ez .

for any 2 < p < 0.
e Higher Regularity: Now, let Q be a simply connected domain with C*! boundary and 0 < a €
W22 (90). Testing (46) with Aw, we find

/ther/wVwAw—z/HAwH%z = /010Aw. (90)
Q Q Q
The first term on the left-hand side can be written as

1d
/thw = —/Vw -V + /wtn -Vw = —§%||Vw\|%z + /wtn -Vuw,
Q Q o9 o)
which combined with (90) implies
1d
5%”%\@2 +vl|Aw|?. = /wtn~Vw+/u-VwAw - /819Aw. (1)
o0 Q Q

We estimate these terms individually. Since «, k and 7 are independent of time, (47) implies
wr = =2(a+ K)ug - T
on 0f), which combined with Hélder’s inequality, the trace theorem and Young’s inequality yields
/wtn -Vw=-2 /(a + R)ug - - Vw < Clla + K| pee ||us Vw ||

80 50 (92)
< Cllugll [Vl < el Vol Fn + € Cllugllin
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for any € > 0. For the second term on the right-hand side of (91), Hélder’s inequality, Ladyzhen-

skaya’s interpolation inequality and Young’s inequality imply

1 1 1 1
/ w- Vel < Jlul g |Voll g1 Awlze < full 2 lull 22 V] 2 V0] 2l Aw] 22
Q

3 1
< Cllullm Vol g I Vwllzz < el Vol + Ceulln Vw2
Notice also that Lemma 5.3 applied to (92) and (93) yields
/wtn Vw < eCl|Aw||F2 + e 1OJug|| 7 + €Cllul|32

[2}9)

and

/u VwAw < eCl|Aw|F2 + C (e + e Hull 3 ) ulle-
o)

(93)

(94)

(95)

Let at first ¢ > 2, then the last term on the right-hand side of (91) can be estimated by Young’s

inequality as
7/819&4} < |IVO|| L2 ||Aw|| L2
Q
< ellAwl[f. + Ce (IVOIIT, +1)

Combining (91), (94), (95) (96), and choosing € sufficiently small,

d

T IVellie + vl Awlza S ludllfs + O+ fullz) lullfe + V07, + 1.
Taking the gradient of (3) and testing with |V6|9~2V4,

1d
gauveuiq = —/|v0|q—2v9-(ve-V)u—/\ve|q—2v9-(u-V)ve.
Q Q

Using partial integration, (2) and (6), the last on the right-hand side of (98) vanishes as

0= f/V ~u|VO|T = f/n ~u|Vo|? +q/ V0|72V 0u : V0
Q [219) Q

and therefore Holder’s inequality implies

1d
Q@IIWII'IM < IVOIIZe IV o

The logarithmic Sobolev inequality (for details, see Lemma 2.2 in [16])
IVullpee < C 1+ [[Vulgi)log (1 + [[Vul g2)
applied to (99) and combined with Lemma 5.3 and Young’s implies

1d
;%IIWIIE < CIVO| L, (L+ [Jullr2)log (1+ CllAw] 12 + Cllul|2)

< CIVOIIL, (1 + [|ullzr2)log (1 + [ Awllz2) + ClIVO|| T, (1 + [[ull3)-

(100)
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Combining (97) and (100), we find
d 2 2 q 2
2t \IVelze + ClIVOIL | + vl Az

SIVOILe (L+ llullfz) + VOl 7e (1+ ullgz)log (1 + [ Aw]2)

+ bl ze + lullZe + el

(101)

Next we define

Y(t) = | VwlZ + *HV@H

Z(t) = v|Awl|Zs,

A(t) = C (L4 llullzge + lull g leliFe + lluelFn)
B(t) = C (1 +[[ull =),

which fulfill A € L'(0,T) by (89) and Lemma 2.5, B € L?(0,T) by (89) and
d
o Y(t)+ Z(t) < A()Y(t) + B()Y (t)log (1 + Z(t))
because of (101). Therefore, the logarithmic Gronwall’s inequality (for details, see Lemma 2.3 in
[16]) implies Y € L*°(0,T),Z € L'(0,T)
for all T' > 0, which by their definitions imply

Vo € 1 ((0,7); L'() (102

Aw € L* ((0,7T); L*(2)) (103)
for 2 < q. Since ||0||L« is bounded by (35) and ||u|| g2 by (89), then by Lemma 5.3

uwe L*((0,T); H*(Q)) . (104)

By Holder’s inequality and (35), we are able to generalize (102) to
0 € L™ ((0,7); Whi())

for all 1 < g < co. By Gagliardo—Nirenberg interpolation
IIUHsz < Cllull3slull 2

for all 2 < p < oo, which because of (89) and (104) imply u € Ly ((0,T); W2P(Q))
for all 2 < p < 0o, where the case p = 2 is due to (89).

3. Proof of Theorem 1.2: large-time behavior
3.1. Proof of Theorem 1.2 part 1

Argument for (a):
Recalling (37), one has

d -
Zlullze < Cvdollz:,

and by (45) |lul|3. € L'(0,00). Therefore, Lemma 5.5 implies
u(t)||22 — 0 for t — 0. (105)
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Now, we show the convergence to zero of the H!-norm of u. Testing (46) with w
1d 9
5%||w||L2 =—[wu-Vo+v [ wAw+ [ &16w. (106)
Q Q Q
The first term on the right-hand side of (106) vanishes under integration by parts because of (2) and (6). In

order to estimate the second term, one needs boundary values for Vw. Notice that by (50), Vw = —Au™,
and therefore

vn-Vo=vr-Au=7-u+7-(u-V)u+7-Vp—0rs, (107)

where the second identity is derived from tracing (1) along the boundary. Using partial integration, (47)
and (107), we find

I//wAw = —v|Vwl|2; + V/wn -Vw

Q 19}
= —v|Vw||2, - 2v /(a + K)urn - Vw
o0
= —v||Vwl|j?: — 2/(oz—|— K)U - Uy — 2/(a—|— K)u- (u-V)u
o0 o) (108)
—2/(0¢+/€)u-Vp+2/(a+f<;)uT072
o9 o0
d
= —v|Vwl||72 — o /(a + K)u? — 2/(a +r)u- (u-V)u
o9 o0
72/(Q+H)Uon7/w072.
o9 19}

For the last term on the right-hand side of (106), partial integration yields
/819w: /V-(Oel)wz /n19w—/681w. (109)
Q Q o0 Q

Combining (106), (108) and (109),

d
" ||w||12+2/(a+m)u£ + || Vo2
o0

N | =

:—2/(04+/<c)u~(u~V)u—2/(a+H)u-Vp (110)

o0 [219]

— /wHTg +/n19w—/961w.
Q

o0 0N
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As (—n2,n1) = nt = 7 = (71, 72), the third and fourth term on the right-hand side of (110) cancels
resulting in

1d
5o (leliz=+2 [(ama | + vVl

80 (111)
==2 [(a+ru-(u-Vu—2 [(a+rK)u-Vp— [ 001w.
/ Jorm]

We estimate the first term on the right-hand side of (111) by Holder’s inequality and the trace theorem
as

[+ myu- w9yl < ot sle= [ u- (- V)al < € Ty (112)
99 aQ
< Cllulfiprallul a2, (113)
where the constant C' > 0 depends on 2 and «. Due to Lemma 5.4, one gets
=2 [t W p < Clplm ful 14
o0

for the third term on the right-hand side of (111). The last term on the right-hand side of (111) can be
estimated by

[ 160161 < 6112 el (15)
Q
Combining (111), (112), (114), (115), Young’s inequality and Lemma 5.3 yields

1d
23 |l +2 (v | + ol Tuls
aQ
< C ([ullfyrs + Il + 11611 22) llull 222
< Cet (lulliyra + Pl +10122) + eClIVWZ2 + eCllullZ
for all € > 0. Choosing € = 5= and using Lemma 5.1,
d v -
- | IPulz: +/0ﬂﬁ + 5 IVelze < v (lullrs + IpliZa + 10172) + vCllul- (116)

[o19)

Notice by Holder’s inequality, Lemma 2.3, (35) and Lemma 2.4, the right-hand side of (116) is uniformly
bounded in time and in particular

d
p | Du|3 - +/au3 <C (117)
o

for some constant C. Notice that t — [|[Du(t)||2, + [ au?(t) € L'(0,00) by the trace theorem and (45).
o0

Therefore, Lemma 5.5 implies

[ Jr/auiHO for t — oo
o9
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and
|lu|lgr — O for t — oo (118)

due to Lemma (5.2). Finally, the convergence in WP for 2 < p < oo follows by the Gagliardo-Nirenberg
interpolation inequality

1—2 2
[ullwre < Cllull " [lull (119)
for 2 < p < oo and the fact that by (89) ||u|| g2 is bounded by a constant and that ||u||z: vanishes in the
time limit by (118).
Argument for (b): Recall that in Lemma 2.5 we proved u; € L?((0,00); H!(Q)) and
d
Ll <0
(see (84), (81) and (83)). Therefore, Lemma 5.5 implies
lue(®)||zz — 0 for t — oo. (120)

Argument for (c):
Since H! is dense in L2, we find for any g € L? there exists a function h € H' such that ||g—h| 2 <€
for any € > 0. Then,

(g9, Au) = (g — h, Au) + (h, Au). (121)
We will estimate these terms individually. By Cauchy—Schwartz inequality
g = h, Au)| < [lg = hl|L2[|[Aull L2 < [lg — Rl L2 [Jullp> < eC (122)

for some C' > 0 independent of time and any e > 0, where in the last estimate we used (89). For the
second term on the right-hand side of (121), Lemma 5.1 yields

[(h, Au)| < Cllhl g [[ull g — 0, (123)
thanks to (118). Combining (121), (122), (123), we find that for any § > 0 and g € L?
(g, Au)| <0 (124)
provided ¢ is sufficiently large, i.e.,
Viw=Au—0 (125)

in L?, where we additionally used (50).
For any g € L?, by (1) and Hélder’s inequality
[(Vp—0s,9)| = |(vAu — us — u - Vu, g)| (126)
< vi(Bu, ) + ([[ull 2+ [Vl s + [luel[22) ]9l — O (127)
thanks to (125), (1a) and (120), proving (1c).

Remark 3.1. We note that the weak convergence to a hydrostatic equilibrium state, i.e., Vp(t) —6(t)ea —
0, is a property that occurs independently of the limiting behavior of the function 6. As a side note, we
observe that our analysis indicates that 6 does not converge to the linear function Sxs 4 v, which would
be the natural equilibrium candidate based on the analysis of the fully dissipative system. In fact, the
energy identity (43) implies

d
= (Bllullze + 116 = B2 —7|72) = —48v ||Du\|iz+/aui <0.
[2}9)
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and, in particular, for all ¢ € [0, 00) the function ¢ — ||u[|%. + || — Baa — 7|2, is a decreasing function of
t and

0 < flulls + 110 — Bzz =72 < CF
where C§ = fB||uo||32 + |00 — B2 — ¥||3.. Hence, there exists a constant ¢y such that

lullZz + 110 = Brz =72 — § < CF
Using the fact that ||ul|3. — 0 as t — oo, we conclude that

16 = Bz = ylI72 — c§ < C§

3.2. Argument for Theorem 1.2 part 2

The Hilbert space L? can be decomposed (for details, see [14], Chapter 1) in L? = L2 @ L7, where

L2={¢cl?|V-£=0,n-£=0}, (128)
4= (Vx| xe#, [x o} (129)
Q
Let £ € L2 and Vy € Li such that fes = £ + V. Then, by (1)
IVOc= 2 = [ T0c=9) -+ Vu—vdu—g) (130)
Q
~ [Vec=p) -+ ue v - [ Voc-p) B (131)
Q Q

where the term with ¢ vanished due to orthogonality of L2 and Li. In order to estimate the last term
on the right-hand side of (131), we use integration by parts, and (2) and (65) yield

[v0c-p - su= [(c-pn-su=2 [ p)r-Vilatwun). (132)
Q o0 o9
As connected components of the boundary are periodic and 7 - V is the tangential derivative, we find
2 (=7 Vilat mur) = =2 [ 7 Vo= P+ ur) (133)
29 o0
= —2/(a+/i)u~V(x—p). (134)
a9
Combining (131), (132) and (134), we find
VG-I = [ V=) o Fu)+ 20 [ (@ m)u- T - ) (135)
Q 29
< IV = p)llez (luellze + i) + Cllull allx = pllan, (136)

where we additionally used Holder’s inequality and Lemma 5.1. Since p and x can be assumed to be
average free, Poincaré’s inequality yields

IVO = w22 < IV = 2)llze(luellze + ullfys + Cllullan) (137)
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implying
VO =Pz < lluellzz + Jullfyrs + Clluflm — 0 (138)

by (120) and (1a), proving (2a).
For any g € L?, using the equation for u we have

(€, 9)] = [{e2 — VX, 9)] (139)
= [{uy + u-Vu — vAu+ Vp — Vx, g)| (140)
< vl{Au, g)] + (fuellzz + [ulfrs + 1V 0= p)lz2)llgll 2 (141)
=0 (142)
thanks to (125), (120), (1a) and (138), proving (2b).
Finally, by (1) and Holder’s inequality
[vAu + €l = A + s — Vx| (143)
= |lut +u- Vu+ Vp— Vx| 2 (144)
< luellze + lulfrs +1VEe = x)lz2 — 0 (145)

thanks to (120), (1a) and (138), proving (2c).

3.3. Argument for Theorem 1.2 part 3

The claims follow easily from the fact that § — 0 strongly in L?. In fact, using the assumption lim;_ o, ||fea—
Oes||r2 = 0 and that (£(t), Vx(t)) = 0 for all ¢ by orthogonality, then
€Nz = (Be2 — VX, €)
= <062 - 9627§> + <§627§>
< ||6ez — Bea||p211€]| L2 + (Pea, &) — 0 as t — oo

where we used that, thanks to the weak convergence of § to zero (from part (2b)), [[€][z2 < C and
<0627 f) — 0.

4. Proof of Theorem 1.3: linear stability

As described in the Introduction, in this section we explore linear stability of the hydrostatic equilibrium,
under the following conditions:

1. The domain is a periodic strip, @ = T x (0, k),

2. The friction coefficient « is constant.
Due to the flat boundaries the curvature vanishes, n = (0, n2), 7 = (—n2,0) and ngy =1, ny = —1 on the

top and bottom boundary, respectively. From these assumptions, it follows that the boundary conditions
simplify to

LU, = —2aU; at o = h, (146)
LU, = 2al; at 9 = 0. (147)

Additionally, due to (22) and (24) © satisfies O(¢) = O on the boundaries, implying
"0 =0 (148)

on 0f2.
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The corresponding vorticity ¢ = V+ - U, analogously to (46) and (47), fulfills

G —vA( = 0,0 in €, (149)
¢ =2al; at o = h, (150)
¢ =—-2al; at o = 0. (151)
In order to keep the compact notations of the previous section, for the boundary terms we will write
nyOoUy = —2alU; at 09, (152)
(= —-2aU, at 0. (153)

In this section, we will also use the notation f < g, if there exists a constant C' > 0, potentially depending
on v, o and €2, such that f < Cg. Notice that similar to Lemma 2.2, Lemma 2.5 and Lemma 2.4

U € L™ ((0,00); L*(€2)) N L? ((0,00); H (1)) (154)
© € L™ ((0,00); L*()) (155)
U € L™ ((0,00); L*(€2)) N L? ((0, 00); H* (1)) (156)
1P13 < U1 + 013 (157)

and using (155) and a corresponding estimate as in Lemma 2.1 ||U||3, satisfies the assumptions of Lemma
5.5, which implies

U2 — 0. (158)
By Lemma 5.3, (50), (20), (157), Gagliardo—Nirenberg interpolation and Young’s inequality
U2 S IVCIZ: + U7 S NAUNZ: + 1015 S WU + [P + 18122 + 107
SO + 1817 + 1U7e S elUllZ: + (1 + 1) U2 + 1017 + U7

for any € > 0. Choosing e sufficiently small, we can absorb the H? term on the right-hand side and using
(154), (155) and (156) find

U e L™ ((0,00); H*()) . (159)
Again using Gagliardo-Nirenberg interpolation, we get H'-decay
10 S NUNm2]Ul 2 — 0,

where we used (159) and (158). Combining these estimates, we get the regularity results

U € L™ ((0,00); H*(€2)) N L? ((0, 00); H' () (160)
© € L™ ((0,00); L*(2)) (161)
U € L™ ((0,00); L*(€2)) N L? ((0, 00); H' (1)) (162)
P e L™ ((0,00); H'(Q)) (163)
and
U — 0 (164)

for ¢ — oo similar to the nonlinear system.

Proof of Theorem 1.3. First, in order to show the regularity of U; we need to derive bounds for P;. In
order to do so, notice that taking the divergence and time derivative of (20) and using the incompressibility
and (22)

AP, = 8,0, = —B9sUs. (165)
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Using integration by parts and (165)

VP2, = /Ptn-VPt —/PtAPt - /Ptn-VPt—l—ﬁ/PtagUg. (166)
o0 Q oQ Q

In order to calculate the boundary term, notice that similar to (63) P fulfills
n-VP =2vr-V(aU - 7) + noOy = 2v7 - V(aU; - 7) — BnaUs. (167)

Plugging (167) into (166) and using the periodicity of the boundary, we find

||VPt||%2 ZQV/PtT'V(QUt'T)—ﬁ/PtTLQU2+ﬂ/Pt82U2
o o Q

_ 72y/aUt VP, fﬂ/PtngUQ +ﬁ/Pt82U2 (168)
o0 Q

o0
S B U g + 1Bl U] s

where in the last inequality we used Lemma 5.4, trace Theorem and Holder’s inequality. As P is only
defined up to a constant, we can choose it to be average free, which also implies that P, has vanishing
average. Therefore, Poincaré’s inequality and (168) imply

127 S IVPZe S NPl 10l e + 1Pl e 10 o (169)

which after dividing by ||P||z: yields || Pl g2 < Uil + U || g2 -
With a bound for the time derivative of the pressure at hand, we can estimate (;. Taking the time
derivative of (149), testing with (; and using (22), we find

1d
5&“@”%2 = V/CtACt + / (010 = V/CtACt - ﬂ/Ctale- (170)
Q Q Q Q
We first focus on the first term on the right-hand side of (170). Partial integration yields
v [ne=v [ Gn 96 - vIval. amn)
Q 29
Similar to (107), we find
I/’I’L'VCt :T'Utt-FT'VPt—TQ@t ZT'Utt—FT'VPt‘FﬁTQUQ. (172)

Plugging (171) and (172) into (170) and, since by (153), {; = —2ar - Uy,
1d

5 Il + vIVGE:

8{ G- U +Bé - VP, +ﬂaé CiraUs @Q/ctale

:72/QT'U]§T'U“72\/O[Ut'vpt‘i’ﬂ/(tTQUQ*ﬁ/CtalUQ
o Q

o0 o0

Cdt
o0 o0

d
= a(T‘Ut)2_2/04Ut'VPt+5/Ct72U2—ﬁ/Ct31U2,
50 )
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which we can estimate by Lemma 5.4, trace theorem and Holder’s inequality as

1d
23 |16 +2 [ a(r- U2 | +vIvalt:
o

SNl Pl e + Ul 21U o + U 21U | 10
(169) and Young’s inequality yield

1d

53 (Il +2 [atr 00| +vIvalt:

a9
SO + 10l 21U+ (Ul U] e
SO + ellUll e + (1 + e DU 70
for any € > 0. Next by Lemmas 5.1 and 5.3 and choosing e sufficiently small,

d _
7 | IDUIZ: +/a(7 U)? | +vUfe S WUl +ellUdlfe + (1 + e DU
o6 (173)
d
7 | IPUIZ: +/Oé(7 U)? | +vlUl 7 S N0l + U7
o

Integrating (173) in time and noticing that the right-hand side is uniformly bounded in time by (162)
and (160), we find

U, € L* ((0,00); H*()) (174)
as the bracket on the left-hand side of (173) is positive since a > 0. In fact, the equivalent statement to
(5.2) yields

Ul S IDUE: + [ atr- v
implying
Uy € L™ ((0,00); H'()) . (175)
Using (173), we find that |DU;||2. + [ a(7 - Uy)? satisfies Lemma 5.5, which implies

||]D)Ut||%2 + /OZ(T . []15)2 — 0.

Therefore, Lemma 5.2 yields
Ul rr — 0 (176)

for T — oo. Next, we show that [[VO|| 2 is uniformly bounded in time, which will be used to prove the
decay of ||U||g2. In order to do so, we first prove the following two identities
1d 1
31 (100 + 5IVOI ) + Vel = 20 [ 8, a7)
o0
ld 2 Lio2on2 2 2 2
19} o0
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We first show (177). Taking the gradient of (22), one has
Vo, + VU, = 0. (179)
Testing (179) with %V@ and (149) with ¢ and adding them, we obtain

1
3 (16l + 196l ) =v [cac+ [cae- [ve.vin (150)
Q Q Q

We first focus on the last two terms on the right-hand side (180). By the definition of ¢ and (21)

/C81® /V@ VU, = /( 0Uy + 01U3)0,0 — /61981U2 —/82@82U2

/82[]161@ /82U282 (181)
—/82U181®+/81U182@
Q

Integrating by parts twice, using (148) and the periodicity in the horizontal direction, these terms cancel
as

—/82U1819+/81U182@= —/n2U1816+/U18182@+/81U182®
Q Q

o0 Q Q (182)
—/81U182@+/81U182@:0.

In order to treat the first term on the right-hand side of (180), notice that by (50)
n-V¢=-n-AUt =7.AU (183)

and therefore, using integration by parts, (153) and (50), it follows that

o0

v [ B¢ =—vIVCI+ v [ ¢ne 96 = —vIVC[3 ~ 20 [ atm- V¢
Q o0

(184)
= —v|V(¢||3: — 21//04U7—T AU = —v|| V|3, — 2y/aU - AU.
oN o0
Therefore, combining (180), (181), (182) and (184) results in
ld 2 1 2 2
335 (612 + 519OIE: ) + vVl = =2 [ o - AU,
o0
proving the first identity, i.e., (177).
Now, we show (178). Taking the gradient of (149), one has
V¢ —vVA(=V0,0 (185)

and similar for (179)
V20, + pV2U, = 0. (186)
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By (185), (186) and (179), one obtains

li 2 l 2012 2 / 2
31 | IV¢IE: + 51v°0IE: + % [ a@ze)
o0 (187)
:u/kK-VAC+/V(WWﬂ%i/V%hV%&—Q/a%@%Ug
Q Q Q oQ
Using integration by parts, (183) and (149), the first term on the right-hand side of (187) satisfies
V/KK.VAngﬂAq@y+K/vgnAg
Q o0
= —v||Al|32 + V/T -AUA(C
o0 (188)
——vlacls +v [ 7 AU - 510)
o
= —v||AC||F2 + V/T AU,
o

where in the last identity we used that 0,0 vanishes on 02 by (148). Deriving (153) with respect to time,
one has

Ct = —2arT - Ut
on 0f), which combined with (188) implies
V/V(-VAC = —v||AC||2: — QV/OzUt -AU. (189)
Q oQ

Next we will show that the last three terms on the right-hand side of (187) cancel. By the definition of ¢

/vc-va1®—/v2@: V32U, = /V(—82U1 +01Up) - V5,0 — /v2®: V32U,
Q Q Q Q
:—/V@@W@@—/V@@V@@ (190)
Q Q
:—/V@@N@@+/V@@V&m,
Q Q

where in the last identity we used (21). Integrating by parts twice, using the periodicity of the domain
and (148), yields

—/8182(]18%@:/8%82[]181@ = /nQBfUl(?l@—/anlBl@g@
Q Q oN Q

:—/%m&@&
Q
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which combined with (190) implies

/vgval@f/v?@: V23U, = 7/8§U16182@+/6§@8182U1. (191)
Q Q

Q Q

Using integration by parts for both terms, the periodicity of the domain and that by (25) U satisfies
7126182[]1 + 20(81[]1 =0

; on 0f), we find

—/8%(]18182@—1—/8%@8182(]1
Q Q

:/81831]182@4—/”232@3182[]1 —/(92@813%(]1
Q o0 Q

(192)
2/81831]182@—2/0482@81(]1 —/82@8163[]1
Q o0 Q
:2/0482@821]2,
o0
where in the last identity we used (21). Therefore, combining (191) and (192) results in
/vq-val@—/v%): V32U, —2/a82982U2
Q Q o0
= —/8%[]18182@4—/8%@8162[]1 —2/@62@62U2 (193)
Q Q 0

= 2/0&82@82[]2 — 2/@82@82U2 == 07
o0 o0

i.e., the last three terms on the right-hand side of (187) cancel. Therefore, by (187), (189) and (193) one
has

1d 1 2
335 | 1961 + 5IV701E: + = [ a(@:0)? | +vlAClE: = ~2v [ ali- AU
o o

proving the second identity, i.e., (178).
Combining (177) and (178), we obtain

| =

1
2

U

1 1 )
: (nvcniz +ICR + IVl + 5Ivelt: + 5 [ a(52@>2)
o
+r[|ACT: +v[IVCI7e (194)

= —2V/a(U—|— Up) - AU
o0
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and, using trace estimate and Young’s inequality, we have

v [l + U AU| < avC(U i + [Vl |0
0 (195)
< vel[Uf3s + e vaCU |7 + Ul n)
for any € > 0. By Lemma 5.3, proven in the appendix, there exist constants C,C, > 0 such that
U7 < CIACHZ: + CallUlIF2 < CIACIZ: + CallVEIIZ2 + CallU 3, (196)
which combined with (194) and (195) yields

1d 1 1 2
235 | IVCIE: + 1€l + 5IV7B1E: + 5Iv6l3: + 3 [ a@i0)
(197)
+ V| ACIZ: + VIVl
< Cev||A¢|Zz + Caev||VCIZ2 + Cal + e r(UlF + Ul 70).
Choosing € = m, the ¢ terms on the right-hand side of (197) can be absorbed and therefore
& LIVeIE: +13: + 5172012 + SIvelt: + 5 [ ataey
dt B B g
o0 (198)

+ V[ AClIZ2 + vV
SO + 10l 70
holds. Integrating in time ¢ € (0,7") for any T > 0 and using that the right-hand side of (198) is integrable
in time by (160) and (162), we obtain

5 o 1 oo 2 1 > 2 2
V(T2 + [IK(T) |72 + ﬁ||V O(T)||z- + ﬁHVG(T)”LQ + ﬁaé a(0:0(T))

1 o0
f||Uo||H2+||®o||H2+ﬁ/ 62902+/ 1) 20 + [T [200) ds
0

Q

<C

for some constant C' > 0, independent of time, and hence,
© € L™ ((0,00); H*(2)) . (199)
Next we show the decay of ||U| g2. By (177), (20) and (179)

VGl = -2 [ ot AU - 52 (16l + 5IVOlE:

o0
:—QV/aU AU — /CQ——/V@ \YCH
o0
:—QV/aU-(Ut+VP—@eg)—/CCt+/V®~VU2
Ble) Q Q

and using trace theorem, Lemma 5.4 and Hoélder’s inequality

vIVClL: S NU L (10l + [Pl + 0] 12).-
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By (175), (163) and (199), the bracket is universally bounded in time and as ||U| g1 decays by (164),
Lemma 5.3 results in

ITONF= S IVEOIZ: + [UD]F — 0 (200)

for t — oo.
By (20)

IVP = Oes|l 12 = |[Us = vAU |12 < |Uillze + ][l — 0,

for T — oo, where in the last limit we used (176) and (200). This proves the desired convergence.
Finally, we prove a higher-order regularity. As U, U; € L? ((0,00); H'(£2)) by (160) and (162), inte-
grating (198) in time shows that

o0

V/(HAC(S)Iliz +IVE(s)l[72) ds

0
1 2 T
< 200l + 10l + 5 [ a@u)? + [0 + 1)) ds
o0 0

< 00
and therefore (196) implies
U e L?((0,00); H*()) . (201)

5. Appendix
5.1. Gradient estimates
Here, we provide key lemmas that enable our analysis. Lemma 5.1 proves an equivalence of norms for the

full gradient, strain tensor and vorticity.
In the following, we use the notation

/Vu Vo de = /Biuj&-vj dx
/]D)u : Do da = /(ID)u)Z-j(]D)v)ij dr = %/Biujaivj + 0;u;0ju; d.

Lemma 5.1. Assume  is a CYt-domain, u,v € HY(Q) fulfill (6) and u satisfies (2). Then for w = V=+.u
and n = V* v, where V+ = (—0y,0y),

2/]]])u:]D)U:/Vu:V1}+/HUTUT:/wT]+2/HuTvT. (202)

Q Q o0 Q o0
If additionally u € H? fulfills (5)

_/Au.v:2/Du:Dv+2/auTUT (203)

Q Q o0
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and
/ Au-E| < Cllull 1 |E ] e (204)
Q

for all = € H, where C = C(a, Q) > 0.

Proof. Assume at first u € H?. Then,

1

Q/Du:]Dv: 5/(Vu+VuT) (Vo + Vol) :/Vu:Vv—i—/Vu:VvT. (205)
Q Q Q Q

Using integration by parts, the second term in (205) is given by

/@ujajvi = —/8i6jujvi + /n “(v-V)u= /an- (1-V)u, (206)
Q Q o9 o9
where the last identity is due to w satisfying (2) and v satisfying (6). Combining (205), (206) and (49),

we find
Q/DU:DU:/VU:VUJr/nuTUT,
Q

Q o0

which by density also holds for u € H', proving the first identity of (202).
Similar to the proof of the first identity, integration by parts implies

Q/Vu:Vv:—/v-Au+/U~(n~V)u:—/U~VJ‘w+/UTT-(n-V)u, (207)

Q [219) Q o0

where the last identity is due to (50) and v satisfies (6). Using integration by parts again the first term
on the right-hand side of (207) is given by

—/U-Vﬂu:/vJ*Vw:/vJ‘-nw—/VwJ‘w:—/va—F/nw. (208)
Q Q Q

Q o0 o0

In order to calculate the remaining boundary terms, notice that the algebraic identity 7;7; + n;n; = d;5,
where d;; is the Kronecker delta, i.e., §;; = 0 for ¢ # j and d;; = 1 for ¢ = j, holds and therefore

T n-Viu-w=71-n-Vu-Vtu=r-n-Vu—7-(7-VHu—-n-(n-Vu
=7 (n-Vut+71-(r7-Vut+n-(n" - Viu=n-(r-V)u=ru,,

where the identity is due to (49). Combining (207), (208) and (208) yields the second identity in (202).
To prove (203), integration by parts yields

f/Au~v:f/v~(n~V)u+/Vu:Vv:f/v77~(n~V)u+/Vu:Vv, (209)

Q o0 Q o0 Q
as v satisfies (6). The boundary term can be written as
—7-(n-Vu==20Dun) - 7+n-(7-Vu=2a+ Kk)ur, (210)

where in the last identity we used (5) and (49). Combining (209), (210) and (202) yields the claim.
Next we focus on (204). Partial integration again yields

f/Au~E:/Vu:VEf/E~(n'V)u
Q Q

o0
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Note that n;n; + 7;7; = d;; and (210) imply

/Au /Vu V= - /(u )T(nV)u—/(En)n(nV)u

o0

:/Vu:VE+/(20¢+K)ETUT—/(E~n)n~(n~V)u.
Q o0

o0

(211)

In order to estimate the last term on the right-hand side of (211), we extend n to the whole space 2
according to Corollary 5.6, i.e., there exists n € W1H4(Q) fulfilling

o =n, (212)
[nllwra < Cllnflwre < C(L A+ [lAllso)- (213)

Therefore, Stokes’ theorem implies

- /n-<<z-n><n-v>u>= /v~<<5~n><n-v>u>

o Q
(214)

IN

/aiEjnjnkakUi + E;0ininiOku; | + /Ej??jamkakui + /Ejﬁmkf)k&-ui
Q Q Q Q

IN

17l (Inllze IVEl L2 [Vullz> + 20 Va2 Bl s Vul 2) + /(5~77)(77-V)(V-u) -
Q

The last term in (214) vanishes by (2), and the remaining terms can be bounded using Sobolev embedding
resulting in

/(5 ) (n- Vyu| < ClnlfyaalElla [Vullze < CQ A+ IKIE)IEN a2 [Vl 22, (215)
o0

where in the last inequality we used (213). Using Holder’s inequality for the first and trace Theorem and
Hélder’s inequality for the second term on the right-hand side of (211), we find, after plugging in (215),

/ Au-E| < (1+ 20+ sl + [813) CIE i e

O

Lemma 5.2 exploits Lemma 5.1, showing coercivity for the Laplace operator combined with the Navier-
slip boundary conditions due to o > 0.

Lemma 5.2. (Coercivity) Let  be a CYt-domain, a > 0 almost everywhere on OQ and v € H' satisfy
(2) and (6). Then, there exists a constant C = C(|Q2]) > 0 such that

1 . _1y—
IValfs + [ a2 g min (Lo~ zL )l (216)
o
1 . _1y— 1 -
Dl + [ o > fmin {1, a2 o el e (217

[2}9)
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Proof. First use the fundamental theorem of calculus, Young’s and Hélder’s inequality to get
2

T2
|U((E1,x2)‘2 = u(ml,ig) + /82U(£E1,Z) dz < 2u3(x1,:%2) + 2|£C2 — .’32”‘8211/”%%(11) (218)
Ta

for all x € Q and Ty such that (z1,Z9) € 9 and the straight line from (z1, Z2) to (x1,x2) are completely
in Q, where L2(z1) indicates the L?mnorm of the vertical line pieces at z1. In the inequality in (218), we
also used u(x1,&2) = ur(x1,Z2) as u-n = 0 on the boundary by (6). Integrating over 2, we find

fult < { [ a2+ IVults | < Cmax (Lo em} | [ a2+ 9ul. (219)
o0 Q
for some constant C' > 0 depending on |€2|, proving (216). In order to prove (217), notice that by Lemma
5.1

IVults = 2IDul: - [ s < 2IDuls + okl [ a2
o0 oQ
—1 2 1 2
< 2max {1, o~ o=} | IDulle + 2 [ au2 ],

2
9

which yields

Y

1 1
| Dul|3. —|—/au3 imin{l, la k)l za b I Vull7. + 3 /auz
o9 00

Y

1 1y— 1 -
pmin {Lla 2L o el L) {19l + [ o2
o9
1 . C1y— -
> S min {1 o™ g, flo sl } el
where in the last inequality we used (219). O

Using the stream function formulation, Lemma 5.3 extends Lemma 5.1, allowing us to exchange
between the full gradient and the vorticity for higher order Sobolev norms.

Lemma 5.3. Let 1 < p < 00, k € Ny, 1 <7 < 00, Q be a C*l-domain and u satisfy (2) and (6) and
w =V -u. Then, there exists a constant C = C(Q,p, k,7) > 0 such that

IVullwsr < C(lwllwer + [luflr) - (220)
Additionally for o € WET2:20(9Q) and a C*+31-domain Q,
IVullyrrzr < CllAW|wiw + C (la+ Kl wkt2.00 90) + 1) [Jul|yy w20 (221)

Proof. Let ¢ be the stream function of u, i.e., u = V+¢, then taking the curl of u shows A¢ = w.
Additionally, ¢ is constant along connected components of the boundary as

d _d B ol el B
a¢($1()\)a372()\)> = d/\ac()\) Vo=17-Vo=7"-V-p=—n-u=0,
where A is the parameterization of 02 by arc length. Therefore, the stream function fulfills
Ap=w in
¢ =1 on Iy,
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where 1; are constants and I'; are the connected components of J€). As ¢ is only defined up to a
constant, we can assume that it has vanishing average to be able to use Poincaré inequality. By elliptic
regularity (for details, see Remark 2.5.1.2 in [22]) ¢ — (—A¢, ¢|aq) is an isomorphism from Wk +2Pr(Q)

onto WHP(Q) x Wk+2_%’p(89), which combined with the definition of ¢ implies

IVullwse < llélwrrzs < Clwlwes + ClO a1 o0 - (222)

In order to estimate the boundary terms, note that by trace estimate
I6leony = 52 Wl = 3 / il” = 191 o .
i 223

< H‘b”wlp Q) < C||V¢HLP(Q) = CHUHLP

for all s > 0, where in the last inequality we used Poincaré inequality and in the last identity the definition
of ¢. Gagliardo—Nirenberg interpolation and Young’s inequality imply

lullzr < CIVullglullj? + Clullz < epClVullir + (1= p)e™ ™5 +1) Cllulls (224)
for all € > 0, where p = 2p 2 . Combining (222), (223), (224) we find

IVullwir < Cllwllwsr + eClIVullLr + Ccllul

L7,

due to Holder’s inequality applied to the last term. This estimate yields (220) after choosing € sufficiently
small.

The proof of (221) follows a similar strategy. By elliptic regularity for the vorticity, w — (—Aw, w|aq)
is an isomorphism from W*+2P(Q) onto WkP(Q) x Wk+2_%’p(89), which combined with the boundary
condition (47) yields

lwliwrzr < ClAW[wrr + Cll(a + K)ur|l oty (225)

o)’

The boundary term can be estimated by Holder’s inequality and the trace theorem (for details, see
Theorem 1.5.1.2 in [22]) by

[+ w)urll ot < lla+ Ellwnrzo oo llullwrezr @) (226)

P (o9)
Combining (220), (225) and (226), we find

IVullwzs < ClAwllwes +C (lla+ wllwesson + 1) lullwsses.
O

Lemma 5.4 provides estimates for gradients multiplied with vector fields satisfying (2) and (6). While
integrals over the whole space would vanish because of orthogonality, they are in general nonzero for
boundary integrals. However, the orthogonality provides bounds that require less regularity than trace
estimates.

Lemma 5.4. For a CYl-domain Q, f € WH>*(9Q), p € H(Q) and v € H'(Q) satisfying V -v =0 in Q
and v-n = 0 on I there exists a constant C' > 0 depending only on the Lipschitz constant of Q such
that

/ fo-Vp| = / pr-V(fo-7)| < Cllfrllwroo ol ol

o0 [219]
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Proof. First, as connected components of the boundary are closed curves and 7 - V is the tangential
derivative along 0f) parameterized by arc-length, we find the integration by parts formula

/fvvp*/fWTVp*/TVNﬂm)t/m*WﬁH:*/?fVUw%

o0 o0 [219]

where v, = v - 7. Using product rule and v-n =0

/pT-V(fvT):/pv-Vf—&-/pr-VvT. (227)
0

o0 [2}9]

The first term on the right-hand side of (227) can be bounded using Holder’s inequality and the trace
theorem as

/PU VI <Ol fllwrs@ayllellz vl < Cllfnllwie@o)llela vl a
o0

In order to estimate the second term on the right-hand side of (227), notice that since W>°(9Q) C

Wlf%’p(aﬂ) for all 1 < p < oo, we are able to extend fn € WH>(9Q) to n € WHP(Q) as described in
Corollary 5.6, i.e.,

nea = fn, nllwrr@) < Cllfnllwreoa)- (228)
Since 7+ (7- V)7 =37-V(r-7) =0

7-Vo,=7-Vu-r)=v-(t-V)r+7-(7-Vv=v,7- (- V)7 +7-(7-V)v
=7-(1-V)v,

which combined with 7;7; + n;n; = 6;; implies
T Vv, = 170,05 = 6;;0;0; —nn;0iv; =V-v—n-(n-Vjv=n-(n-V)v, (229)

where in the last identity we used the divergence-free assumption on v. Using (228) and (229) and Stokes’
theorem, we can estimate the second term on the right-hand side of (227) as

[ tor-vo == [gon-tn-¥yo == [0t /v ol V)0)
o0 o0 1219}

= —/Vp-(n-V)v—/pamjajvi—/p(n-V)(V-v)
Q Q

Q

(230)

The last term on the right-hand side of (230) vanishes by the divergence-free assumption on v, and for
the other terms, we use Holder’s inequality, the Sobolev embedding theorem and (228) to find

/fﬂT-WT < Clinllzellplar vl mr + Clinllwallpllza 1ol 2

< Clnllwrallpllz vl
< Ollfnllwrs oo llollar vl -
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5.2. Technical lemmas

The following lemma is a slight modification of Lemma 3.1 in [16]. For details, see Lemma 49 in [4].

Lemma 5.5. Assume f € L'(0,00) is a nonnegative that satisfies f' < C for a constant C and all t > 0.
Then,

f(t)—0 fort — oo.

The following corollary is an immediate consequence of Theorem 1.5.1.2 in [22] with [ = k& = 0 and
s=1.

Corollary 5.6. Let Q be a Cl'-domain and 1 < p < co. Then, for every g € Wl_%’p(aQ) there exists
f e WhP(Q) with

floan =9 and I fllwir) < C||g||W1_%,p(8Q)-

Acknowledgements

E.C. acknowledges and respects the Lekwungen peoples on whose traditional territory the University of
Victoria stands, and the Songhees, Esquimalt and WSANEC peoples whose historical relationships with
the land continue to this day. C.N. thanks Christian Seis for useful comments on a previous version of
the paper.

Author contributions All authors contributed equally to this work.

Funding F.B. was supported by DFG-GRK-2583. The research of E.C. was supported by the Pacific
Institute for the Mathematical Sciences (PIMS). The research and findings may not reflect those of
the Institute. E.C. was also supported in part by the Department of Defense Vannevar Bush Faculty
Fellowship, under ONR award N00014-22-1-2790. C.N. was partially supported by DFG-TRR181 and
GRK-2583.

Data Availability Statement No datasets were generated or analyzed during the current study.
Declarations

Conflict of interest The authors declare no competing interests.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article
under a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the
accepted manuscript version of this article is solely governed by the terms of such publishing agreement
and applicable law.

References

[1] Aydin, M.S., Jayanti, P.: Fractional regularity, global persistence, and asymptotic properties of the Boussinesq equations
on bounded domains (2024). arXiv: 2403.12509
[2] Aydin, M.S., Kukavica, 1., Ziane, M.: On asymptotic properties of the Boussinesq equations (2023). arXiv: 2304.00481


http://arxiv.org/abs/2403.12509
http://arxiv.org/abs/2304.00481

ZAMP Large-time behavior of the 2D thermally non-diffusive Page 35 of 36 58

(3] Biswas, A., Foias, C., Larios, A.: On the attractor for the semi-dissipative Boussinesq equations. Ann. I'Inst. Henri
Poincaré C Anal. Non Lindire 34, 1219-1450 (2017)
[4] Bleitner, F.: Buoyancy-driven flows with Navier-slip boundary conditions. Dissertation. University of Hamburg (2024)
[5] Bleitner, F., Nobili, C.: Bounds on buoyancy driven flows with Navier-slip conditions on rough boundaries. Nonlinearity
37, 035017 (2024)
[6] Brandolese, L., Schonbeck, M.: Large time decay and growth for solutions of a viscous Boussinesq system. Trans. Am.
Math. Soc. 364, 5057-5090 (2012)
[7] Cannon, J.R., DiBenedetto, E.: The initial value problem for the Boussinesq equations with data in LP. In: Approxi-
mation Methods for Navier-Stokes Problems, pp. 129-144 (1980)
(8] Castro, A., Coérdoba, D., Lear, D.: On the asymptotic stability of stratified solutions for the 2D Boussinesq equations
with a velocity damping term. Math. Models Methods Appl. Sci. 29, 1227-1277 (2019)
[9] Chae, D.: Global regularity for the 2D Boussinesq equations with partial viscosity terms. Adv. Math. 203, 497-513
(2006)
[10] Chae, D., Imanuvilov, O.Y.: Generic solvability of the axisymmetric 3-D Euler equations and the 2-D Boussinesq
equations. J. Differ. Equ. 156, 1-17 (1999)
[11] Chae, D., Kim, S.-K., Nam, H.-S.: Local existence and blow-up criterion of Holder continuous solutions of the Boussinesq
equations. Nagoya Math. J. 155, 55-80 (1999)
[12] Chen, D., Li, X.: Stability of stationary solutions to 2D Boussinesq equations with partial dissipation on a flat strip.
Nonlinear Anal. 215, 112639 (2022)
[13] Clopeau, T., Mikelic, A., Robert, R.: On the vanishing viscosity limit for the 2D incompressible Navier-Stokes equations
with the friction type boundary conditions. Nonlinearity 11, 1625-1636 (1998)
[14] Constantin, P., Foias, C.: Navier-Stokes Equations. Chicago Lectures in Mathematics, University of Chicago Press,
Chicago (1988)
[15] Danchin, R., Paicu, M.: Les théorémes de Leray et de Fujita-Kato pour le systéme de Boussinesq partiellement visqueux.
Bull. Soc. Math. France 136, 261-309 (2008)
[16] Doering, C.R., et al.: Long time behavior of the two-dimensional Boussinesq equations without buoyancy diffusion.
Phys. D 376-377, 144-159 (2018)
[17] Dong, L.: On stability of Boussinesq equations without thermal conduction. Z. Angew. Math. Phys. 72, 1-18 (2021)
[18] Dong, L., Sun, Y.: Asymptotic stability of the 2D Boussinesq equations without thermal conduction. J. Differ. Equ.
337, 507-540 (2022)
[19] Dong, L., Sun, Y.: On asymptotic stability of the 3D Boussinesq equations without heat conduction. Sci. China Math.
1-28 (2023)
[20] Drivas, T.D., Nguyen, H.Q., Nobili, C.: Bounds on heat flux for Rayleigh-Bénard convection between Navier-slip fixed-
temperature boundaries. Philos. Trans. R. Soc. A Math. Phys. Eng. Sci. 380, 20210025 (2022)
[21] Filho, M.C.L., Lopes, H.J.N., Planas, G.: On the inviscid limit for two-dimensional incompressible flow with Navier
friction condition. STAM J. Math. Anal. 36, 1130-1141 (2005)
[22] Grisvard, P.: Elliptic Problems in Nonsmooth Domains. Pitman Advanced Publishing Program (1985)
[23] Hmidji, T., Keraani, S.: On the global well-posedness of the two-dimensional Boussinesq system with a zero diffusivity.
Adv. Differ. Equ. 12, 461-480 (2007)
[24] Hou, T.Y., Li, C.: Global well-posedness of the viscous Boussinesq equations. Discrete Contin. Dyn. Syst. 12, 1-12
(2005)
[25] Hu, W., Kukavica, 1., Ziane, M.: On the regularity for the Boussinesq equations in a bounded domain. J. Math. Phys.
54, 081507 (2013)
[26] Hu, W., Kukavica, 1., Ziane, M.: Persistence of regularity for the viscous Boussinesq equations with zero diffusivity.
Asymptot. Anal. 92, 111-124 (2015)
[27] Hu, W., et al.: Partially dissipative 2D Boussinesq equations with Navier type boundary conditions. Phys. D 376-377,
39-48 (2018)
[28] Jang, J., Kim, J.: Asymptotic stability and sharp decay rates to the linearly stratified Boussinesq equations in horizon-
tally periodic strip domain. Calc. Var. Partial Differ. Equ. 62, 141 (2023)
[29] Kang, K., Lee, J., Nguyen, D.D.: Global well-posedness and stability of the 2D Boussinesq equations with partial
dissipation near a hydrostatic equilibrium. J. Differ. Equ. 393, 1-57 (2024)
[30] Kelliher, J.P.: Navier-Stokes equations with Navier boundary conditions for a bounded domain in the plane. STAM J.
Math. Anal. 38, 210-232 (2006)
[31] Kiselev, A., Park, J., Yao, Y.: Small scale formation for the 2D Boussinesq equation (2022). arXiv: 2211.05070
[32] Kukavica, I., Massatt, D., Ziane, M.: Asymptotic properties of the Boussinesq equations with Dirichlet boundary
conditions. Discrete Contin. Dyn. Syst. 43, 30603081 (2023)
[33] Kukavica, I., Wang, F., Ziane, M.: Persistence of regularity for solutions of the Boussinesq equations in Sobolev spaces.
Adv. Differ. Equ. 21, 85-108 (2016)


http://arxiv.org/abs/2211.05070

58 Page 36 of 36 F. Bleitner, E. Carlson and C. Nobili ZAMP

[34] Lai, M.-J., Pan, R., Zhao, K.: Initial boundary value problem for two-dimensional viscous Boussinesq equations. Arch.
Ration. Mech. Anal. 19, 739-760 (2011)

[35] Lai, S., et al.: Optimal decay estimates for 2D Boussinesq equations with partial dissipation. J. Nonlinear Sci. 31, 1-33
(2021)

[36] Larios, A., Lunasin, E., Titi, E.S.: Global well-posedness for the 2D Boussinesq system with an isotropic viscosity and
without heat diffusion. J. Differ. Equ. 255, 2636-2654 (2013)

[37] Lauga, E., Brenner, M., Stone, H.: Microfluidics: the no-slip boundary condition. In: Springer Handbook of Experimental
Fluid Mechanics, pp. 1219-1240. Springer, Berlin (2007)

[38] Li, B., Wang, F., Zhao, K.: Large time dynamics of 2D semi-dissipative Boussinesq equations. Nonlinearity 33, 2481-2501
(2020)

[39] Li, H., Xu, Z., Zhu, X.: The vanishing diffusivity limit for the 2-D Boussinesq equations with boundary effect. Nonlinear
Anal. 133, 144-160 (2016)

[40] Li, M., Wang, Y.-L.: Zero-viscosity limit for Boussinesq equations with vertical viscosity and Navier boundary in the
half plane (2023). arXiv: 2202.02712

[41] Ma, L., Li, L.: Stability and large-time behavior of the 3D Boussinesq equations with mixed partial kinematic viscosity
and thermal diffusivity near one equilibrium. Math. Methods Appl. Sci. 46, 6111-6134 (2022)

[42] Tao, L., et al.: Stability near hydrostatic equilibrium to the 2D Boussinesq equations without thermal diffusion. Arch.
Ration. Mech. Anal. 237, 585-630 (2020)

[43] Wan, Y., Chen, X., Chen, D.: Stability and large time behavior for 2D Boussinesq system with horizontal dissipation
and horizontal diffusion (2022)

[44] Weng, S.: Remarks on asymptotic behaviors of strong solutions to a viscous Boussinesq system. Math. Methods Appl.
Sci. 39, 4398-4418 (2016)

[45] Wood, T.S., Bushby, P.J.: Oscillatory convection and limitations of the Boussinesq approximation. J. Fluid Mech. 803,
502-515 (2016)

[46] Zhong, Y.: Stabilization and exponential decay for 2D Boussinesq equations with partial dissipation. Z. Angew. Math.
Phys. 73, 1-12 (2022)

Fabian Bleitner

Department of Mathematics and Statistics
McMaster University

1280 Main Street West

L8S 4.8 Hamilton ON

Canada

e-mail: bleitnef@mcmaster.ca

Elizabeth Carlson

Computing and Mathematical Sciences Department
California Institute of Technology

1200 E. California Blvd., MC 305-16

Pasadena CA91125-2100

USA

e-mail: elizcar@Qcaltech.edu

Camilla Nobili

School of Mathematics and Physics
University of Surrey

GU2 7XH Guildford, Surrey

UK

e-mail: c.nobili@surrey.ac.uk

(Received: October 10, 2024; revised: January 8, 2025; accepted: January 17, 2025)


http://arxiv.org/abs/2202.02712

	Large-time behavior of the 2D thermally non-diffusive Boussinesq equations with Navier-slip boundary conditions
	Abstract
	1. Introduction
	2. Proof of Theorem 1.1
	2.1. Argument for W1p-regularity for p bigger or equal 2
	2.2. Argument for H1-pressure-regularity
	2.3. Argument for ut-regularity

	3. Proof of Theorem 1.2: large-time behavior
	3.1. Proof of Theorem 1.2 part 1
	3.2. Argument for Theorem 1.2 part 2
	3.3. Argument for Theorem 1.2 part 3

	4. Proof of Theorem 1.3: linear stability
	5. Appendix
	5.1. Gradient estimates
	5.2. Technical lemmas

	Acknowledgements
	References


