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Abstract. This paper investigates the large-time behavior of a buoyancy-driven fluid without
thermal diffusion under Navier-slip boundary conditions in a bounded domain with Lipschitz-
continuous second derivatives. After establishing improved regularity for classical solutions, we
analyze their large-time asymptotics. Specifically, we show that the solutions converge to a state
where, as t — oo, ||u|lw1.» — 0, and hydrostatic balance is achieved in the weak topology of L?.
Furthermore, we identify the necessary conditions under which stable stratification and hydro-
static balance can be achieved in the strong topology as time approaches infinity. We then analyze
a particular steady state, the hydrostatic equilibrium, characterized by v = 0, § = Sx2 + v, and
p = g:cg + vx2 4+ 6. In a periodic strip, we establish the linear stability of this state for 5 > 0,
indicating that the temperature is vertically stably stratified. This work builds upon the results
in |16, which focus on free-slip boundary conditions, as well as recent studies [2, |1] that address
no-slip boundary conditions. Notably, the novelty of this study lies in the ability to directly bound
the pressure term, made possible by the Navier-slip boundary conditions.
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1. Introduction

In real-world phenomena, fluid behavior is influenced by external forces, boundary conditions, and
various physical factors, including active scalars that characterize the flow. In the ocean, temperature
and salinity are common examples of these scalars. This paper focuses on the Boussinesq approxima-
tion, where density variations due to temperature differences are retained only for generating buoyancy
forces under the influence of gravity. Here, the active scalar (typically representing temperature or
density), which diffuses and is advected by the fluid, affects the flow solely through buoyancy forces.
The Boussinesq system is given by

ur +u-Vu — vAu = —Vp—i—@l%
V-u=0
0 +u-VO = ulb
(1, 0)(z,0) = (u, ) (2)
where u is the velocity, @ is the active scalar, k represents the vertical direction (l% = ey in 2D, k= es
in 3D), v is the viscosity, and p is the diffusivity of the active scalar. In full space with v,u > 0,
the system has a unique global weak solution with initial data in LP, with improved regularity of the
solution when the initial data is smooth [7]. Limiting cases are natural extensions for study, allowing

one to gain insight into dominating behaviors of the system. For example, compressible (V - u # 0)
adiabatic (¢ = 0) and inviscid (v = 0) flows are commonly considered in astrophysics (see, e.g. [45]).
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The particular limiting case we consider in this paper is the case where the fluid has an active
scalar whose diffusivity is negligible, i.e. 4 = 0. In particular we consider the 2D incompressible,
thermally non-diffusive Boussinesq equations

us +u-Vu — vAu = —Vp + fey (1)
V-u=0 (2)

0, +u- V=0 (3)
(4,0)(z,0) = (10, 00)(2) (1)

One physical understanding of the choice of u = 0 is the assumption that the system is adiabatic,
that is, no heat (or scalar) is exchanged with the surroundings through diffusion, and transport
occurs purely through fluid motion. The motivation for studying this problem is closely related to
boundary layer theory [39]. Additionally, in two dimensions, the structure of the fully inviscid and
thermally non-diffusive system — while at most locally well-posed (see |10} |11] and references therein)
— bears similarities to the structure of the three-dimensional Euler equations for axisymmetric swirling
flows. This similarity leads to analogous mathematical challenges in obtaining estimates. For further
discussion on this connection, see [16], and for recent progress, refer to [40] and references therein.
Several studies have addressed the system’s well-posedness in full space, the torus [11,|24} |9} 23, |15} [36}
26, 133, and bounded domains with smooth boundaries, considering both no-slip |34} [25] and free-slip
conditions 16} [28].

In this paper, we are interested in the Navier-slip boundary conditions in the tangential direction
and no-penetration conditions in the normal direction, that is

(Du n+ au) -7 =0, (5)

u-n=0 (6)

where n is the unit outward normal vector, 7 = nt = (—ng,n;) is the corresponding tangent vector,

and Du = §(Vu + VuT) is the symmetric gradient. The Navier-slip boundary conditions serve as an

“interpolation” between free-slip and no-slip conditions. They are more physically realistic than free-

slip conditions and, in many cases, provide a more accurate representation of fluid behavior compared
to no-slip conditions (see, e.g. [37]).

Kelliher [30] extended results on the existence, uniqueness, and regularity of solutions for the 2D
incompressible Navier-Stokes equations with Navier-slip boundary conditions, building on earlier work
[13,21]. The global existence and uniqueness of the partially dissipative Boussinesq system — on
general bounded domains with Navier-slip boundary conditions for non-smooth initial data is proven
in |27]. Using techniques from [5] we follow the main strategy of [16], who study the same system with
free-slip boundary conditions, and prove higher regularity of the solutions under the same conditions
as in [27]. Our first main result concerns the regularity of the system.

Theorem 1.1 (Regularity).

o (Uniform Regularity) Let Q be a C*1-domain, 0 < a € WH(9Q), ug € H?(Q) satisfy the
corresponding incompressibility and boundary conditions and 6y € L7(Q)) with ¥ > 4. Then

solutions of — satisfy

u € L™ ((0,00); H*(Q)) N LP ((0,00); W'P(Q)) (7)
up € L ((0,00); L2(Q)) N L* ((0,00); H'(Q)) (8)
p € L™ ((0, 00); HI(Q)) (9)
0 e L‘X’((O, oo);Lr(Q)) (10)

forany2<p<ocoandl <r <r.
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e (Higher regularity) If additionally Q is a simply connected C**-domain, 0 < o € W2°°(99) and
the initial data satisfies g € W9 with § > 2, then

we L2 ((0,T); H3(Q)) N L2 ((0,T); W>P())
0 € L™ ((0,T); Wh4())
foranyT >0,2<p<ooandl <q<q.

In [27] the authors establish global well-posedness results for strong solutions in the class u €
L ((0,T); H*(2)) N L* ((0,T); H*(R2)) and 6 € L ((0,T); L>°(£2)) for any T > 0. Using techniques
from [5], Theorem extends these results by showing that the crucial a-priori bounds hold uni-
versally in time in a space of higher regularity. Specifically we obtain u € L ((O,oo);HQ(Q)) N
P ((0, o0); Wh» (Q)) for any p < oo. Additionally, under more restrictive conditions, we prove u €

L? ((O,T);H3(Q)) N L ((O,T); Wz’p(Q)) for any 7' > 0 and 2 < p < oo.

Our next goal is to show large time asymptotic behaviour of the solution to 7. In the
last ten years, there have been numerous works studying the large time asymptotic behavior of the
Boussinesq system (with full and different combinations of partial dissipation or diffusion) in either 2
or 3 dimensions: For the case y = 0 and v > 0 several studies have addressed different configurations.
In two-dimensional domains, results include cases with C! boundaries [34], periodic domains |3} |42],
and C?7 polygonal boundaries with free-slip conditions [16} [38]. Studies on systems with no-slip
boundary conditions can be found in [38] |2], while results for periodic strips are presented in (8} 12].
Additional boundary conditions and small initial data have been explored in [19], and results with
lower bounds for the 2D torus, full space, and periodic strips are discussed in [31]. In the case where
both p > 0 and v > 0, studies on the three-dimensional full space can be found in [6| [44]. For mixed
viscosity and diffusivity, various results are available for two-dimensional systems [35] [43] |46} 29], while
three-dimensional results can be found in [41].

In [16], the authors considered free-slip boundary conditions, and analyze the large time behaviour
of the perturbation near a particular steady state called the hydrostatic equilibrium and showed that
the L2 norm of the velocity field and its first order spatial and temporal derivatives converge to zero
as t — 00. As a consequence, their result demonstrates that the pressure and concentration stratify in
the vertical direction in the weak topology. In [32] the authors assumed no-slip boundary conditions
for u on a bounded domain and showed that for data satisfying (ug,6y) € (H? N H}) x H' with
V -ug = 0, one has

Iu(t)llzs =0, [Au(t) = BO@)e)llz> — 0 and [Au(p)|z2 < C,

where P = Id + V(—A)~ldiv is the Leray projection and A = —PA is the Stokes operator. In the
follow-up paper [2], the authors proved that, as ¢ — oo, P(6(t)ez) weakly converges to 0 in the class of
L? vector fields with V-« = 0 and u - n = 0 on 0. Most recently, in the same setting the authors of
[1] extend the results in [32] to initial data with different regularity and prove that the concentration
6(t) achieves a steady state 0 if and only if limy_, . (Id — P)(0(t)ea) = ez, with |02 = ||00] 2
Moreover, if such convergence to a limiting steady state holds, it is proved that || Au(t)]| z2 v 0 and
|Vp —0(t)ez|[z: —> 0.
t— o0

Inspired by the results in [16], [2] and [1] and using techniques developed in [5] we prove the
following

Theorem 1.2 (Large Time Behaviour). Let Q be a C*'-domain, 0 < a € WH*°(9Q), ug € H?(Q)
satisfy the corresponding incompressibility and boundary conditions and 0y € L*(Q).

1. Ast — oo we have
(a)

u(t) =0 in WhH for any 1 < q < oo
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u(t) =0 in L?

Au — 0, Vp(t) —0(t)ex — 0 in L?
2. Let € L? withV-£=0and £ -n=0 on 00 and Vy € L? with fQ x = 0 be the divergence-free
and curl-free part of the vector fes respectively, i.e. fes = & + Vx. Then, ast — oo

Vp(t) — Vx(t) =0 in L?
£(t)—0 inL?

vAu(t) + £(t) =0 in L?
3. Suppose that fes converges to a steady state @ in L?. Then as t — 0o
Au(t) =0 in L?

and
Vp(t) —0(t)ea — 0 in L? (11)

Notice that under the assumptions in part |3| we have ||£||pz — 0 as t — oo (see the of
Theorem |1.2)). This implies that
fey = lim Vy in L2
t—o0
which means that fe; must be curl free in the limit, and, in particular 0 = V x (0_62) = 9:0. The

fact that 6 is independent of z; means that the fluid is vertically stratified, while the convergence
IVp—6(t)es| L2 2 0 implies the hydrostatic balance is achieved (in the limit) in the strong topology.
—00

Parts [2 and [3| of our theorem were inspired by recent results in [1] and [32].

We note that, unlike in |1] and [32], we do not project our equations onto the space of divergence-
free vector fields. While such a projection would simplify the analysis, it is not compatible with the
boundary conditions considered here. Instead, taking advantage of the improved regularity properties
of the flow under Navier-slip boundary conditions, we work directly with the equations and estimate
the pressure, following ideas from |20l |5]. Additionally, under the assumptions of part we are
able to demonstrate full convergence of the Laplacian (not just its divergence-free component) as a
consequence of .

One particular steady state that is worth discussing in this context is the hydrostatic equilibrium
considered in [16]: Suppose for a moment that v # 0 and p # 0 and that we are looking for a solution
of the form (0, ppe(z2), One(x2)). When formally substituting this Ansatz in and we obtain
OryPhe(T2) = Ohe(z2) and 8%29(952) = 0 respectively. From the last equation we deduce that fne(22)
must be an affine function of the depth of the form 6(z2) = a2 ++. In the case of the fully dissipative
system (u # 0 and v # 0), under free-slip or no-slip boundary conditions an easy argument shows that
the steady solution (0, Bzo + ) is globally asymptotically stable when 8 > 0 (see Section 1.3 in [106]).
This motivates us to study the stability of this Ansatz in the particular circumstances when the thermal
diffusion is insignificant and the velocity satisfies Navier-slip boundary conditions on an arbitrary but
regular domain. The asymptotic stability around the hydrostatic equilibrium of the solution of the
Boussinesq system without molecular diffusivity has been studied under free-slip boundary conditions
on a rectangular domain |16], on the periodic strip T x (0,1) [17] and on an infinite strip R x (0, 1)
[18].

We perturb system (I)-(5), defining

'EL:U_U/he, éze—ehe) ﬁ:p_phe (12)
where

Uhe =0, One = Baa + Y  DPhe =
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Then (@, 0, p) satisfy

Gy 4 @ - Vi — vAG = —Vp + ey (14)
V-i=0 (15)

Oy + - VO + Biig = 0 (16)
(@,0)(x,0) = (i, 6o)(x) (17)
a-n=0 (18)

(D n+ ai)-7=0 (19)

where 6, = 6y — Bxo + v and g = ug. Note that this system is exactly (1] . . just rewritten in the ~
variables, and therefore Theorems and [1.2] n apply to . Linearizing we obtain the system

Uy — vAU + VP = Oc, (20)
V.U=0 (21)

©,+BU; =0 (22)
(U,0)(2,0) = (Un, ©0)(x) (23)
U-n=0 (24)

DU n+al)-7=0 (25)

where we use capital letters to distinguish from the variables of the nonlinear system. The correspond-
ing vorticity will be denoted by (. Note that the eigenvalue problem for spatially periodic solutions to
([20)-(22)) coincides with Theorem 1.4 (3) in [16], implying instability when 8 < 0. If however 3 > 0 we
are able to prove the linear stability of —. Indeed, this makes physical sense as denser parcels
of fluid sink while lighter parcels rise.

Theorem 1.3 (Linearized System). Let Q = T x (0,1), 8 > 0, a € R and assume 0y € H?(Q) and
Uy € H?(Q) satisfy the corresponding incompressibility and boundary conditions.

o (Regularity) Then solutions of .-. satisfy
U € L* ((0, (Q)) N L* ((0,00); H*(Q)) (26)
U e 1 (0, )ﬁLZ ((0.00): H() (27)
© € L= ((0, Q) (28)
P e L ((0, ) (29)
P e L™ ((O,oo);H (Q)) N L? ((0,00); H'()) . (30)

o (Linear Stability) Additionally the hydrostatic equilibrium is stable in the sense that
U] 2 — 0 (31)
IVP(t) = ©(t)ezll> — 0 (32)

fort — oo.

The regularity result follows in a similar fashion to that of the nonlinear system.

We observe that Theorem [I.2] shows, as ¢t — oo, the solution converges to a state that satisfies
the hydrostatic balance in the weak topology of L?. However 6 does not necessarily converge to the
linear profile Sy + «y in L2. From our analysis we only deduce

10(t) — Bzo — ||z = C  ast— oo

(see Remark . We briefly remark that in all of the works previously cited, the only temperature
steady state under consideration is actually a family of linear profiles, with no clear specification of
the constants. To the best of the author’s knowledge, the only study that explicitly investigates the
exact equilibrium is |28], where this profile is implicitly defined within the context of free-slip boundary
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conditions. However, the result is only proved for small initial data, and there is no explicit connection
made to the linear profile.

The decay results and show that the hydrostatic equilibrium is linearly stable
whenever [ is positive. That is, perturbations about the hydrostatic equilibrium ([13)) of the linearized
system converge to the hydrostatic equilibrium in strong norms.

The absence of nonlinear terms allows us to work solely in Hilbert spaces. The main difficulty
for this problem stems from the absence of conservation laws and maximum principles for . The
convergence in is based on the uniform boundedness in time of ||[VO|| 2. We are able to show
this when Q =T x (0, 1), taking advantage of the periodicity in the horizontal direction. We want to
stress that the bound we derive for VO is not straightforward: We compute

a 2 2 1 o2g 2 1 2 E/ 2
& (196l + 161 + 5Iv°612: + 319013 + 5 [ at@:0) (33)

(see (194)) and show that, due to cancellations, this is bounded by ||U||%: + ||U¢||%:, which, in turn,
converges to zero uniformly in time. As a byproduct, we obtain a even higher order regularity, that
is, U € L?((0,00); H3(Q2)). We believe that the same ideas can be employed to show the same result
in the infinite strip @ = R x (0,1).

We remark that, differently from the results of Dong [17] and Dong & Sun [18}[19], with the meth-
ods employed in this paper, we are not able to give explicit decay rates for the velocity, temperature
and their derivatives.

The paper is structured as follows: Section [2] presents a series of consecutive a priori bounds
leading to the of Theorem Section [3| establishes the convergence to hydrostatic equilibrium,
as detailed in Theorem Section [d] focuses on the linearized system, providing the of Theorem
The Appendix includes [gradient estimates| relevant to our geometry and boundary conditions, as

well as [technical lemmas| used for the main results.

2. Proof of Theorem [1.1]

Before starting our analysis, we recall that the signed curvature s of a planar curve is defined as the
rate of change of its tangent vector with respect to the curves arc length, i.e.

(1-V)T = kn. (34)

For notational simplicity, since u - n = 0 on the boundary, throughout the paper we will denote
Up == U~ T.
Unless otherwise stated, in the following sections we will always assume

Qis a C**-domain and 0 < o € L>(9N) almost everywhere on 9.

Note that Q is a C*'-domain if locally its boundary 9 can be described as a C*! map, i.e. the map
is k-th order differentiable and each derivative is Lipschitz-continuous. For details see Section 1.2.1 in
[22].

Finally, we remark that, as a solution of the transport equation, 6 fulfills

01> = ll00] v (35)
forall 1 <p<ooiffye LP.
2.1. Argument for u € L>°((0, 00); WP(Q)) for p > 2
We start by proving H'-regularity by standard energy estimates.
Lemma 2.1 (Energy bound). Let ug, 0y € L?(S). Then the energy is bounded by
lull 2 < €™ &*|fug|| 2 + Cv " ||6o]| 2

for some constant C' = C(«a,2) > 0.
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Proof. Testing with u, we find

1d
—— |2 = —/ u- (u-V)u+V/ u'Au—/u~Vp+/ uz0. (36)
2dt Q Q 0 Q
notice that by @ the first and the third term on the right-hand side of vanish under partial
integration, which together with (203]) implies
1d
——|jul|2z + 2v||Dul|2; + 21// oau? = / uaf.
Now Lemma [5.2] yields, for a constant C' > 0 depending only on « and 2,

1d 9 v 9
a2, 4 L) s/w
5 gl + Sl < [

1
< ellullze + 11617

for any € > 0. Choosing € < 57, and Gronwall’s inequality yields

Sl + Zllulin < Ov 6ol (37)
lullZ> < e & JuollZ2 + C*v 2|60
O
Lemma 2.2 (H'-Bound). Let ug, 0y € L*(2). Then u € L? ((0,00); H'(Q2)).
Proof. Let us define the new variables 0 =0— 1y and p=p— %w% Then u, p and 0 solve
w +u - Vu — vAu+ Vp = fes in Q (38)
V-u=0 in (39)
0 +u- VO =—uy in Q (40)
u-n=0 on 0f) (41)
Dun+au)-7=0 on 02 (42)

and testing with v and with 6 we find
1d A . .
% (||u\|%z+||9\|%2> :—/Qu~(u~V)u—i—y/ﬂu-Au—/QVﬁ~u—/Qt9u-V9.

Notice that the first, third and fourth term on the right-hand side vanish under partial integration by
and @ For the remaining diffusion term, (203) implies

d
a2 + 10 - wall2a) + 4v (llDull%z + au3> —o. (43)
Integrating in time,
t
)= + 160) — a2l + 4w [ (Du<s>||iz+ / au3<s>) ds
0 onN

= ||uoll7> + 10 — w2l7

for all ¢ > 0, which by Lemma Le. [Jull3, < C(Dull7. + [y au?), implies

t
14
5/0 [u(s)[l7: ds < [luollF2 + 160 — =272 (44)
with C,v > 0, where the right-hand side of is independent of ¢ and therefore
u € L? ((0,00); H'()) . (45)
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Next, recall that the vorticity w = V+ - u, where V+ = (—0,, ), satisfies
wi +u-Vw —vAw = 010 in Q (46)
w==-2(a+ K)u, on 0f, (47)
The boundary condition notice that as 7 = (—na,nq)
w=wr-T=w(-7Tna +m2n1) =2Dun) -7 —2n-(17-V)u. (48)
As u is tangential to the boundary by @, the last term in can be rewritten as
n-(r-Vyu=n-(1-V)(u,7) = Ktr, (49)

where in the last equality we used n -7 = 0 and the definition of &, i.e. (34). Combining (48],
and results in the boundary condition .
Notice since u satisfies , we have the identity

Viw= (03u1 — 0102un, —0100uy + OFus) = Au. (50)
Lemma 2.3 (W'?-bound). Let p > 2 and ug € WHP(Q). Then u € L* ((0,00); WhP(Q2)).

The following proof is a slight variation of |5, Lemma 3.7] and we state it here for the convenience
of the reader.

Proof. Let p > 2. Fix an arbitrary 7' > 0, set A = 2||(a + £)ur || = (0,rxa0) and let oF solve

OF +u- Vot —vAGt = 0,60 in Q
OF = +|wo| in
ot =£A on 99.
Then the difference @* = w — @* solves
of +u- Vot —vAct =0 in Q
@F = wo F |wol in Q2

ot = 2(a+rK)u, FA on 0.
Since the initial and boundary values of @* are sign definite, this implies @ < 0 (@~ > 0) by the
maximum principle. By the definition of @® we therefore get @~ < w < @1 and
jw| < max {|@F], [©7[}. (51)
We will now derive upper bounds for @™, which by symmetry also hold for &~. Omitting the indices,
we define

w=w—A, (52)
which satisfies
wr+u- Vo —vAL = 010 in (53)
(2)0 = |(.J0| —A in (54)
w=0 on 9. (55)
Recall p > 2 by assumption. Testing with @|@[P~2 and integrating by parts we obtain
1d, . i . i .
L6l =~ = 1w [ P VR - (- 1) [ e 20000, (56)
pdt Q Q
Next we estimate the last term on the right-hand side of via Hoélder’s and Young’s inequality by
i R . P=2 -
(b =) 2120015 0 < (p= 1) 01l |07 | 077" V],
57)
vip—1) || . e=2_ .2 p—1 5 [|.o=2]|>2 (
<M ot va|, + B el o5
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where 1 —|— —i— 5 = 1 and therefore ¢ = 5. Combining (56|) and (57)) we find
2 H (”)\2
sl + 22 v ()] <

Next by Poincaré’s inequality, since @ = 0 on 012,
1d,. -1 ~p—2
S el + & || [ w478 1
for some constant C' > 0. We divide by ||&[|%,?, then use (B5) and Gronwall’s inequality to obtain

|@llze < e llollzr + Cv |60l Lo (58)

Next we estimate A. By Gagliardo-Nirenberg interpolation and Young’s inequality we get

A =2||(a 4 K)ur|| Lo 0,1y x00) < 2|l + K| Lo (a0 Ul oo (0,7 x )
—2

< CHVUHE(:;(S)T LP(2)) HUHL%;((IJ)T L2(Q)) Jr CHU||L°°(O,T;L2(Q))
< eC|[Vull (o310 (2)) + € (1 + eﬁ) [ull Lo 0,7;22 () (59)

for arbitrary € > 0 and C' > 0 depends on «, §2 and p. Plugging the estimate of Lemma for k =0,
proven in the appendix, into and using Lemma we find

A < eCllwll e 0,7;Lr(2)) +C (1 +e+ Gm) (lluollzz + v~ 6ol 2) - (60)
Recall that |w| < max{|®™|, |©~|} by (5I). Combining (52), (53), and we obtain

[wllzoe(0,7:20(2)) < @l L 0,100 = € + AllLee 0,100 (02))
S ||(:J()HLP + Cl/ilHo()HLp + CA
< llwollze + Cv = |6ollze + Cllwll L= (0,720 (2))
+C (14 e+ e77) (Juollee + v olls2)
Finally choosing € < % and using Holder’s inequality we find

]l o= 0,7:L002)) < C (lwollze + luollz2 + v~ |60l ) - (61)
By also |[u| o< (0,7;r(q2)) is bounded by the right-hand side of , which together with Lemma
6.3 implies
ull o o, w2 e ) < C ([Vuollor + [Juollzz + V_1||90||Lp) .

As the bound is independent of T it holds uniformly in time.
For p = 2, the statement follows from the embedding L? C L? for any p > 2. (]

2.2. Argument for p € L>°((0,0); H(Q))
The pressure satisfies
Ap = —(Vu)T : Vu + 0,6 in 0 (62)
n-Vp=—ruZ +2vr -V ((a+ K)u,) + ngb on 0N (63)

The equation in the bulk is obtained by taking the divergence of and using . In order to
derive the boundary conditions, we trace the projection of in the normal direction on the boundary

n-u+n-(u-Vu—vn-Au+n-Vp=nq. (64)
The first term on the left-hand side of vanishes by @ For the nonlinear term we find

n-(u-Vu=umn-(r-Viu=ru2
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thanks to @ and . By and the diffusion term fulfills
n-Au=n-V+tw=-2n-V*+((a+ru,) =27V ((a+ru,). (65)

Lemma 2.4 (Pressure bound). Suppose ug € WH4(Q) and 6y € L*(Q). Then p € L>=((0,00); H*(Q)).
Proof. Testing with p and integrating by parts we obtain

/pAp = —/ p(Vu)! : Vu + / PO = — / p(Vu)' : Vu +/ pngb — / 00ap . (66)
Q Q Q Q o0 Q
Again integration by parts and imply

IVp|2. = / np-Vp - / pAp
o0 Q

(67)
= —/ p/@'ui—!—/ 2pv7 -V (o + K)u,) —|—/ pngb — / pADp.
00 o0 o0 Q
Plugging into we find
VPl = f/ pm3+2/ pyT~V((a+m)uT)+/p(Vu)T : Vu+/ 00sp. (68)
o0 o0 Q Q

We estimate the right-hand side of individually. The first term can be bounded by the trace
theorem, Holder’s inequality, and e-Young’s inequality by

/ pnuz
o0

< Cllllze llpu?|lwra < Cllpll flw? e

(69)
< Cliplla [full pallullwra < ellpllz + Ce ullja,
the second term by Lemma [5.4 and e-Young’s inequality
/ 2pvr -V ((a + K)ur) | < Cvll(a+ K)nllwroo)llpl a 1wl a2 (70)
o0
S elpll + CeHullfn, (71)
the third term by
[pIVul?|[ 2 < IIpllz2IVulZe < ellpliFn + e ullys, (72)
and the fourth term by
1002pll L1 < 116012 lpll e < ellpllFr + e Ol (73)

Combining , , , and
VP72 <4ellpllFn + Ce" (lullfpra + V2wl + [16]172) -

As p is only defined up to a constant we choose it such that p is average free. Therefore Poincaré’s
inequality yields

lpliz < ClIVPIZ: < ACelplFn + Ce™ (llullyyrs +v2[lullF + 10172) -
Choosing € sufficiently small we find
N7 < C (lulliyra + 22 ullzn +110172) < C (lullra + v [ullfa +10012:)

where in the last inequality we used Holder’s inequality and applying the previous bounds for u and

0, i.e. Lemmaand ,
Ipllzr < C ([luolfyrs +v=2160l|74 + vluollwra + |60l 1)
< C (luollfyra +v=2ll60l7s +v%) -
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2.3. Argument for u; € L> ((0,00); L*(€2)) N L? ((0,00); H'(2))

Lemma 2.5 (u-Bound). Let 6y € L*(Q), ug € H*(Q), V-ug =0 in Q and (Dug n + aug) -7 =0 on
9. Then uy € L™ ((0,00); L*(2)) N L? ((0,00); H(£2)).

Proof. Differentiating 7 , @ and with respect to time yields

Ugr + Up - Vu + u - Vuyg — vAug + Vpy = Gieq in Q (74)
V-u =0 in (75)

ug-n=>0 on Of) (76)

(Dus n+ ouy) -7 =0 on 0. (77)

Testing with u; and using , , and analogous estimates as in the proof of Lemma
we find

1d
——lue)|2s + 20| Dug|22 + 21// T - up)? = —/ ug - (ug - V)u +/ Oruy - ea.
2dt o0 Q Q
Substituting the thermal evolution equation and using integration by parts, @, and ,
1d

5 aludlts + 2Dl + 20 [ atrewp = [
o

(- V)u—l—/ﬂ@u V(- 03). (78)

By Holder’s, Ladyzhenskaya’s, and Young’s inequalities

1 1 2
[ 1t e 9yl < [Vl s < IVl (1900l + e 12)
Q

< ||Vl 2 [V g2 e 2= + Ol V]| g2 e 2 (79)
< elluelZs + Ce [Vl Za e 2
for all € > 0 and similarly
/ 10 - V(g - €2)] < [60]] s lull o | Ve 22 < el VuelZe + €102 [l 2. (80)
Q
Combining , and
1d

3l + 2Dwls 420 [ a(rwy
2dt o9
< 2elluelFp + Ce M IVullZalluel 2 + e IO llullz -
Using the coercivity estimate (i.e. Lemma applied to wug) , and choosing e sufficiently small,

d d 1
Tlulie < Zlluellzs + 5\|Ut|l?p < C (JluellZ + 16ol74) llulizn (81)

for constants C,C' > 0 depending on Q, v, [a~!|| 7%, [~ k[ L. Gronwall’s inequality yields
t
()2 < €5 1 0) B+ Clfuls | eI 9 fuelf ds. (52)
0

Testing smooth solutions of — with u; one gets
luelZe < luellzllu- Vaullze + vl g2 [| Aul 2 + [l 2210 22
< luellz2 (lwllzr +v)l[ullzz + 110l 22) ,

implying [lus(0)||z2 < (||uoll s 4+ v)||uol| 2 4 ||60]| 2. Therefore, using Lemma[2.2] the right-hand side
of is universally bounded in time, implying

up € L ((0,00); L*(92)) . (83)
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Integrating in time,
/ lue(s) |7 ds < C <(90|2L4 + esssup |ut(3)||2L2) / [u(s)13 ds + Cllug(0)[[22 < o0
0 0

0<s<0
by Lemma and , implying
uy € L2((0,00); HY(2)). (84)

We are now ready to prove Theorem
Proof of Theorem|1.1].
e Regularity: In Section [2.1] we showed that for any p > 2
u € L°°((0,00); WhP), (85)

The regularity @D and is proved in Section and respectively. The regularity u €
L*°((0, 00), H?) now follows by subtraction. Indeed, by (50)) and

VAVl 2e = 2| AulZe = uq +u - T+ Vp — fes 22
< C (fluelze + lullfra + ol +1101Z:) -
Since  is a C%! domain and o € W2, Lemma implies
[ullfrs < IVullfps + llullfe < Cllwlla: + Cllule < ClIVwll72 + CllulFs. (87)
Combining and and using Holder’s inequality,
[ullFr < CIVwlZz + Cllullzn
< C (luellze + lullfyrs + lpliFn +1017:) -

Notice that by Lemmas and and , the right-hand side of is universally
bounded in time with a constant C' = C(a, Q, v, k) > 0, implying

u € L*((0,00); H*(2)). (89)

Finally the regularity of u in follows from 7 , and the Gagliardo-Nirenberg interpola-
tion inequality,

(86)

(88)

-2
[ullfyre < Cllullys el

for any 2 < p < oo.
e Higher Regularity: Now let € be a simply connected domain with C3! boundary and 0 < a €
W2°(9R). Testing with Aw we find

/thw—F/u-VwAw—uHAwH%z 2/310Aw. (90)
o Q o

The first term on the left-hand side can be written as

1d
/thwz—/Vw~th+/ wtn-Vw:—f—HVwHZLg—i—/ win - Vw,
Q Q o9 2dt 09

which combined with implies
1d

5 IVl + slawle = [ on-Vws [
t a0

u - VwAw — / Oh0Aw. (91)
Q Q

We estimate these terms individually. Since «, k and 7 are independent of time, implies

wy = =2(a+K)ug - T
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on 9N, which combined with Holder’s inequality, the trace theorem and Young’s inequality yields

/ wn - Vw = —2/ (a+ K)ug - mn - Vw < Clla + K| Lo ||ut Vw ||
a0 a0 (92)

< Cllullz Vol < e Vwllz + e Cllud7

for any € > 0. For the second term on the right-hand side of , Holder’s inequality, Ladyzhen-
skaya’s interpolation inequality, and Young’s inequality imply

1 1 1 1
/ w- Vo < Jlul o |Vellzs | Awl e < fullf lull 22 1Vl 2 Vel 22| Awll 22
Q

(93)
< Cllull IVl 3 V@l 2 < el Voll3 + Ceull [V 2.
Notice also that Lemma applied to and yields
/8 wn- Vi < cCllAwlfa + ¢ Cllul i+ Ol (94)
and
[ e Ve < CllBwla +C (e M uly) (95)

Let at first ¢ > 2, then the last term on the right-hand side of can be estimated by Young’s
inequality as

—/610Aw§ V0| 2 || Aw]| 12
Q

< el Aw||72 + Ce (V|7 + 1) (96)
Combining , , , and choosing € sufficiently small,
d
Z1Velze +vlAwlis S ludf + A+ ulf)llulfe + [VOIIL. +1. (97)

Taking the gradient of and testing with |[V8|7-2V4,
1d
-—|IVo|, = —/ |VO|72V6 - (VO - V)u — / |VO|72V0 - (u- V)V6. (98)
qdt Q Q
Using partial integration, and @ the last on the right-hand side of vanishes as
0= —/ V- u|Vo|? = —/ n-u|Vo|? +q/ V0|12V 0u : V30
Q o0 Q
and therefore Hélder’s inequality implies
1d q q
6$||V9||Lq <IVOIL [Vl Lo (99)
The logarithmic Sobolev inequality (for details see Lemma 2.2 in [16])
[Vullpe < C 1+ [[Vullg)log (14 [[Vul|g2)
applied to and combined with Lemma and Young’s implies
1d
g@llwll‘iq < C[IVO||7q (1 + [Jull2) log (1 + CllAw]|z2 + Cllullz2)

< CIVOIIL, (1+ [|ullzr2) log (1 + [ Awllz2) + ClIVO|| T, (1 + [[ull?)- (100)



14

Fabian Bleitner, Elizabeth Carlson and Camilla Nobili

Combining and (100)) we find
d 2
2 (196l + 21901 ) + v

SIVOlL. (1+ llullfz) + 1VOllTa (1 + llullz2) log (1 + | Awl|z2)

+ ullf llull3e + lullZe + ez

(101)

Next we define

Y(t) = [IVwlliz + = HWHLq +1
Z(t) = v|Aw]Zz,
A(t) = C (1 [lullze + [l lullde + lluellzn)
B(t) = C (1 +[[ullu2),
which fulfill A € L*(0,T) by and Lemma[2.5, B € L?(0,T) by (89) and
d

th( )+ Z(t) < A)Y (t) + B(t)Y (t) log (1 + Z(t))

because of (L01]). Therefore the logarithmic Gronwall’s inequality (for details see Lemma 2.3 in
[16]) implies Y € L>(0,T),Z € L*(0,T) for all T > 0, which by their definitions imply

Vo e L>((0,T); LI(Q)) (102)

Aw € L? ((0,T); L*(2)) (103)
for 2 < . Since ||0||z« is bounded by and [|ul| 2 by (89), then by Lemma [5.3]

ue L*((0,T); H*(Q)) . (104)

By Holder’s inequality and we are able to generalize (102) to
0 € L ((0,7); Whi())
for all 1 < g < co. By Gagliardo-Nirenberg interpolation
2p
lullfysy < C”“HH?’HUH

for all 2 < p < oo, which because of and (104) imply u € Li* ((0,T); W2P(Q)) for all
2 < p < o0, where the case p = 2 is due to .

(I
3. Proof of Theorem [1.2} Large time behaviour
3.1. Proof of Theorem [L.2] Part [I]
Argument for (a): Recalling (37), one has
d _
Zlullze < Cvm b0l
and by lul|2, € L'(0,00). Therefore Lemma implies
lu®)||32 =0 for t — oco. (105)

Now we show the convergence to zero of the H'-norm of u. Testing with w

1d
2dt||cu||L2 :—/wu-Vw+V/wAw+/ O 0w. (106)
Q Q Q
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The first term on the right-hand side of (106)) vanishes under integration by parts because of and
@. In order to estimate the second term one needs boundary values for Vw. Notice that by ,
Vw = —Au™’, and therefore

vn-Vo=vr-Au=71-u+7-(u-V)u+7-Vp—0nm, (107)

where the second identity is derived from tracing along the boundary. Using partial integration,

and (107) we find

1// wAw = —v||Vwl|2, +1// wn - Vw
Q o0
= —v|Vwl|2; — 21// (o + K)un - Vw
o9

= —V OJ22— @] R)UW - U — (8] r)Uu - \(u- u
T 2/m< + k) 2/@9( R (u- V) -

—2/ (a+/<a)u-Vp+2/ (o + K)u 07
a0 a0

d
= —v| Vw2, — 7 /89(04+ K)u2 — 2/39(a+ K)u- (u-V)u

72/ (a+/<;)u~fo/ wOTy.
a0 a0
For the last term on the right-hand side of (106)), partial integration yields

/819w:/V~(061)w:/ nlew—/ﬁalw‘ (109)
Q Q o9 Q

Combining (T06), (T08), and (T09),
1d

—— w22—|—2/ a—&—mui)—i—wazz

s (Wl 2 [ (@ wu2) 4wl

:72/ (a+n)u~(u~V)u72/ (o +K)u-Vp (110)
00 00

—/ w07—2+/ nlﬂw—/Halw.
o0 o0 Q

As (—ng,n1) = nt = 7 = (11,72) the third and fourth term on the right-hand side of (110 cancel
resulting in

1d
3 (el +2 [ (@) + 1wl
oN

:—2/6‘Q(a+fi)u-(u-V)u—?/(m(oz—&-n)wVp—/Q@aw-

We estimate the first term on the right-hand side of (111)) by Hélder’s inequality and the trace theorem
as

(111)

[ 1@ mu Dyl < ot sl [ Vyul £ €l 9al] (112)
oQ o
< Cllullyallull e, (113)

where the constant C' > 0 depends on © and «. Due to Lemma [5.4] one gets

—2/ (a+ r)u-Vp < C|p|l g ||w| g (114)
oQ
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for the third term on the right-hand side of (111]). The last term on the right-hand side of (111} can
be estimated by

/ 10010] < 11612 1l 2. (115)
Q

Combining (111)), (112)), (114)), (115, Young’s inequality and Lemma [5.3] yields

1d
35 (el +2 [ (@) + 19l
oN

< O (lullfyra + Iplle +161lz2) =
< Ot (Jullyne + s + [0]22) + ClVl2e + eCllul
for all € > 0. Choosing € = 5% and using Lemma

d v _
T (IIDUiz + /6Q atﬁ) + §||Vw\|%z < Cv ! (fullfyra + P17 + 10132) + vCllullzn.  (116)

Notice by Holder’s inequality, Lemma 7 and Lemma the right-hand side of (116) is
uniformly bounded in time and in particular

d
& (pue+ [ auz)<c (117)

for some constant C. Notice that ¢ — [|Du(t)||7. + [, auZ(t) € L*(0,00) by the trace theorem and
. Therefore Lemma implies

| Du||32 —|—/ au? — 0 for t — oo
oN

and
[lulgr — 0 for t — oo (118)

due to Lemma ([5.2). Finally the convergence in W? for 2 < p < oo follows by the Gagliardo-Nirenberg
interpolation inequality

1—2 2
[ullwr < Cllull 2" [ull g (119)

for 2 < p < oo and the fact that by ||| g2 is bounded by a constant and that ||u| g1 vanishes in

the time limit by (118)).
Argument for (b): Recall that in Lemma we proved u; € L%((0,00); H1(2)) and

d
lluli3 < C
see (84)), (81 and (83])). Therefore Lemma [5.5| implies
(see (84) p
lwe ()] L2 — O for t — co. (120)

Argument for (c): Since H! is dense in L?, we find for any g € L? there exists a function h € H!
such that ||g — h||z2 < € for any ¢ > 0. Then

We will estimate these terms individually. By Cauchy-Schwartz inequality
g = h, Au)| < [lg — hl|L2[|[Aull L2 < [lg — Rl L2 [Jullm2 < eC (122)

for some C' > 0 independent of time and any € > 0, where in the last estimate we used . For the
second term on the right-hand side of (121)), Lemma [5.1] yields

[(h, Aw)| < Al [[ull g — 0, (123)
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thanks to . Combining 7 7 we find that for any § > 0 and g € L?
(g, Au)| < 6 (124)
provided ¢ is sufficiently large, i.e.
Viw=Au—0 (125)

in L?, where we additionally used .
For any g € L?, by (1)) and Hélder’s inequality
[(Vp — 02, 9)| = [(vAu — up — u - Vu, g)] (126)
< v[{Au, g)| + ([ull sl VullLs + lluell2)llgll2 — 0 (127)

thanks to ((125)), and (120)), proving .

Remark 3.1. We note that the weak convergence to a hydrostatic equilibrium state, i.e., Vp(t) —
O(t)ea — 0, is a property that occurs independently of the limiting behavior of the function 0. As a
side note, we observe that our analysis indicates that 6 does not converge to the linear function Bxs—+-y
, which would be the natural equilibrium candidate based on the analysis of the fully dissipative system.
In fact, the energy identity implies

d
G Gl + 10 - B2 —1%) = 45w (IDul3s + [ an2) <o.

and, in particular, for all t € [0,00) the function t — |lul|2, +||6 — Bas —7||2. is a decreasing function
of t and

0 < flullz + 16 — Bzz — 7|22 < CF

where C§ = Blug||22 + |60 — Bxa — v||2.. Hence there exists a constant ¢y such that
lullfe + 116 = Barz =472 = g < CF

Using the fact that ||ul|2, — 0 as t — oo we conclude that

16 = Bz = z2 — c§ < C§

3.2. Argument for Theorem Part 2]
The Hilbert space L? can be decomposed (for details see [14], Chapter 1) in L? = L2 @ L?,, where

L2={¢cL’|V-£=0,n-£=0}, (128)
Ly ={Vx | erl,/Qx:O}. (129)

Let £ € L7 and Vy € L% such that feg = € + Vy. Then by
IV = [ F0c=p) (ur+ue Fu = vhu - g (130)
:/QV(Xfp)~(ut+u-Vu)—1//QV(X—p)~Au, (131)

where the term with ¢ vanished due to orthogonality of L2 and L. In order to estimate the last term
on the right hand-side of (131)) we use integration by parts, (2)) and yield

/wa _p)Au= /m(x - Au= 2/8Q<x )7 V(o + R)uy). (132)
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As connected components of the boundary are periodic and 7 - V is the tangential derivative we find

5 /{m(x — )7 V(o + K)uy) = _2/39 7 V(x - p)((a+ R)ur) (133)
= —2/ (a+r)u-V(x —p). (134)
o0
Combining , and we find
IV(x —p)l7= = /QV(X —p) - (ug +u-Vu) +2v /m(a +r)u-V(x —p) (135)
< IV(x = D)llzz(fluell 2 + lullfyra) + Cllulla Ix = o (136)

where we additionally used Holder’s inequality and Lemma [5.1} Since p and x can be assumed to be
average free Poincaré’s inequality yields

IV =72 < IV O =)z (el 2 + ullfyr.s + Cllull ) (137)
implying
IV(x = p)llze < lluellzz + [lullfys + Cllufl g — 0 (138)
by (120 and , proving .

For any g € L?, using the equation for v we have

(€, 9)] = [{fe2 — VX, 9)] (139)
= |(ug +u-Vu—vAu+ Vp—Vx,g)| (140)
< v|{Au, g)| + (fuellze + [ulfrs + 1V 0= p)lz2)llgll 2 (141)
=0 (142)
thanks to (123)), (120), and (13§), proving (2b).
Finally by (1) and Holder’s inequality
v+ ]2 = | Au+ e — Vs (143)
= ||lu¢ +u-Vu+ Vp— Vx| 2 (144)
< luellze + ulfyrs +1VEP = x)lz2 =0 (145)

thanks to ((120)), and (|138)), proving .

3.3. Argument for Theorem [1.2] Part [3]

The claims follow easily from the fact that £ — 0 strongly in L2. In fact, using the assumption
lims_, o ||fe2 — Oez||2 = 0 and that (£(t), Vx(¢)) = 0 for all ¢ by orthogonality, then

1€]172 = (fea — VX, &)
= <962 - 5627§> + <§6236>
< ||Bez — Bea||p2||€]| L2 + (Pea, &) — 0 as t — oo

where we used that, thanks to the weak convergence of £ to zero (from part (b)), [[£].2 < C and
<6€2, f> — 0.

4. Proof of Theorem [1.3; Linear Stability

As described in the Introduction, in this section we explore linear stability of the hydrostatic equilib-
rium, under the following conditions:

1. The domain is a periodic strip, Q =T x (0, k),

2. The friction coefficient « is constant.
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Due to the flat boundaries the curvature vanishes, n = (0,n2), 7 = (—n2,0) and ns = 1, ny = —1
on the top and bottom boundary respectively. From these assumptions it follows that the boundary
conditions simplify to

U, = —2aU; at o9 = h, (146)
OU; = 2alU; at zo = 0. (147)

Additionally due to and O satisfies ©(t) = ©¢ on the boundaries, implying
010=0 (148)

on 0f.
The corresponding vorticity ¢ = V1 - U, analogously to and , fulfills

Gt —vAC = 0,0 in Q, (149)
¢ =2al; at xo = h, (150)
¢ =—2al; at xo = 0. (151)
In order to keep the compact notations of the previous section, for the boundary terms we will write
no0x U] = —2aU; at 09, (152)
¢ =—-2aU, at 0f). (153)

In this section we will also use the notation f < g, if there exists a constant C' > 0, potentially
depending on v, a and {2, such that f < Cg. Notice that similar to Lemma Lemma [2.5| and
Lemma 2.4]

U € L™ ((0,00); L*(€2)) N L? ((0, 00); H (1)) (154)
© € L™ ((0,00); L*()) (155)
U € L™ ((0,00); L*(2)) N L? ((0, 00); H* (1)) (156)
I1PI7: S U + 1©]172 (157)

and using (|155) and a corresponding estimate as in Lemma U2, satisfies the assumptions of
Lemma[5.5] which implies

U]z — 0. (158)
By Lemma , , , Gagliardo-Nirenberg interpolation and Young’s inequality
U2 S IVCIZ: + Ul S NAUNZ: + U1 S N0 + [P + 10122 + U2
SO +181Z: + 1072 < Ul + (1 + ') (UL + 1O1Z: + U7
for any ¢ > 0. Choosing ¢ sufficiently small we can absorb the H? term on the right-hand side and
using , and find
U e L™ ((0,00); H*()) . (159)
Again using Gagliardo-Nirenberg interpolation we get H!-decay
U S N0 U 22 — 0,
where we used and . Combining these estimates we get the regularity results

U € L™ ((0,00); H*(€2)) N L? ((0, 00); H (1)) (160)
© € L™ ((0,00); L*(€)) (161)
U € L™ ((0,00); L*(€2)) N L ((0, 00); H (1)) (162)
P e L™ ((0,00); H'()) (163)
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and

U@ — 0 (164)
for ¢ — oo similar to the nonlinear system.
Proof of Theorem[I.3 First, in order to show the regularity of U; we need to derlve bounds for

P;. In order to do so notice that taking the divergence and time derivative of ( and using the
incompressibility and

AP, = 0,0; = —02Us. (165)
Using integration by parts and (165])
||vpt||%2:/ PthPtf/PtAPt:/ Ptnvpt‘i’ﬂ/PtaQUQ (166)
a0 Q a0 Q
In order to calculate the boundary term notice that similar to P, fulfills
n-VP =2uvr-V(aU - 7) + neOy = 2v7 - V(U - 7) — BnaUs. (167)

Plugging (167) into (166) and using the periodicity of the boundary we find
||VPt||%2 :21// PtT'V(aUt'T)*B PthUQJrﬂ/ Pt82U2
o0 o0 Q

= —21// OéUt . VPt — ﬁ/ PthUQ + ﬁ/ Pt(f?gUg (168)
o oN Q

S NP Ul e + 1 Pell e (U] e

where in the last inequality we used Lemma [5.4] trace Theorem and Holder’s inequality. As P is only
defined up to a constant we can choose it to be average free, which also implies that P; has vanishing
average. Therefore Poincaré’s inequality and ((168)) imply

1P S IV PG S NPl Ul + (1P s UL (169)

which after dividing by || P|| g yields | Pl g < ||Uellgr + U || a2 -
With a bound for the time derivative of the pressure at hand we can estimate ;. Taking the
time derivative of m ), testing with (; and using we find

Glalte=v [ aac+ [ o=y [ aa6-s [ aorwe (170)
2 dt Q Q Q Q
We first focus on the first term on the right-hand side of (170). Partial integration yields
u/ GAG :y/ Gn -V — vV (171)
Q o0

Similar to (107) we find
1/n~V§t :T‘Utt+T'VPt—TQ(‘)t :T'Utt+7'vpt+ﬁT2U2. (172)

Plugging (171) and ( into and, since by (153 . (¢ = 2art - Uy,

: dtnctnm FUIVGIE
Z/ CtT'Utt-i-/ CtT'VPt-i-ﬂ/ 12Uz —5/ (01 Us
o0 o0 0 Q

:—2/ aT'UtT'Utt—Q/ aUt~VPt—|—ﬁ/ CtTQUQ—ﬁ/CtalUQ
o0 o o0 Q

d
= ——/ ofr - Uy)? —2/ aUt-VPt-l-ﬁ/ CGmaUs —ﬁ/ (:01Uo,
dt Joa 0 a0 Q
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which we can estimate by Lemma trace theorem and Holder’s inequality as

1d
5 (1642 [ atr-002) 49613
o0

SNl 1Pl + U a2 Ul + 1V (U]

(169) and Young’s inequality yield

1d
Sd (Ct||2L2 +2/ a(r - Ut)Q) + v||[V¢13
99

< s + 10l 0 s+ 10 N0
< N0+ ellUhl + (L4 U
for any € > 0. Next by Lemmas [5.1] and [5.3] and choosing e sufficiently small,
d _
% (IDURIE: + [ atr- 00 ) + sl S 100 + 0 + 1+ 0

d
& (DUt + [ ar-002) + vt < 10l + 10T

Integrating (173]) in time and noticing that the right-hand side is uniformly bounded in time by (162)
and ([160) we find

(173)

Uy € L? ((0,00); H*(92)) (174)

as the bracket on the left-hand side of (173]) is positive since a > 0. In fact the equivalent statement
to (5.2)) yields

Ul S IDUE: + [ atr- v
implying
U, € L ((0,00); H(Q)) . (175)
Using (L73) we find that ||DU,||3. + [ «(7 - U;)? satisfies Lemma which implies
||]D)Ut||%2 + /OZ(T . Ut)2 — 0.

Therefore Lemma [5.2] yields
Ul — 0 (176)

for T — oo. Next, we show that |VO| 12 is uniformly bounded in time, which will be used to prove
the decay of ||U||g=. In order to do so we first prove the following two identities

1d 1
o (1. + SivolR.) 4 vl = -2 [ avav. a7
09
1d 9 1 9 5 2 ) )
2dt IVCll72 + 5 IVO12 + 5 a(020)° | + V||Al]|7: = —2v al, - AU. (178)
g B Joa 89

We first show ([177): taking the gradient of one has
VO, + VU, = 0. (179)
Testing (179) with %V@ and (149) with ¢ and adding them we obtain

1d 9 1 >\ B |
s (1612 + Jivei.) =v [ cacs [ oo~ [ ve. v 150)
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We first focus on the last two terms on the right-hand side (180f). By the definition of ¢ and

/C81®—/V@-VUz:/(—82U1+81U2)61®—/81981U2—/82®82U2
Q Q Q Q Q

:—/82U1816—/82U2826
Q Q

:—/62U181@+/81U1826.
Q Q

(181)

Integrating by parts twice, using (148) and the periodicity in the horizontal direction, these terms

cancel as

—/82U181@+/81U132®:—/ n2U181®+/ U18182@+/81U182@
Q Q o0 Q Q

:—/81U182@+/81U182®:0.
Q Q

In order to treat the first term on the right-hand side of (180]) notice that by
n-Vi=-n-AU+=71-AU
and therefore, using integration by parts, (153) and , it follows that

R A R S P IR
Q 0 o0
= —v|V¢||3: — 21// aU,7- AU = —v||[V(|[32 — 21// aU - AU.
o9 0
Therefore combining (180)), (181)), (182) and (184]) results in

1d 2 1 2 ) 2 /
- 2+ = ve 2 +1/v , = =2V CVU'AU,
55 (Kl + 5113 ) + vIvcl B

proving the first identity, i.e. .
Now we show : taking the gradient of one has
V¢ —vVA(=V0,0
and similar for
V2?0, + BV2U, = 0.

By (|185)), (186]) and (179 one obtains

}i 2 1 2 2 g/ 2
s (1€l + 197013+ 5 [ at@:0)

:V/VC-VAC+/VC-V61®—/V2®: V2U2—2/ a0,00,Us.
Q Q Q o0

(182)

(183)

(184)

(185)

(186)

(187)

Using integration by parts, (183]) and ((149)), the first term on the right-hand side of (187)) satisfies

u/ V<~VA<:fv||A<||%z+u/ Ve - nAC
Q o0
——vlagfs v [ ravAC
oN
——vAE +v [ AU - 2i8)
oN

= —v||AC|%. + u/ - AUG,
o0

(188)
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where in the last identity we used that 9,0 vanishes on 9 by (148)). Deriving (153 with respect to

time one has

Ct = —2arT - Ut
on 02, which combined with (188]) implies
1// V(- VAC = —v|AC|2: — 2V/ aly - AU. (189)
Q o9

Next we will show that the last three terms on the right-hand side of (187) cancel. By the definition
of ¢

/vg.valef/v%a: V2U2:/V(782U1+81U2)'V81®f/V2®: V32U,
Q Q Q Q
:f/anvaal@f/ V0,0 - VU, (190)
Q Q

:7/V82U1-V81@+/ V3,0 - Vo, Ui,
Q Q

where in the last identity we used . Integrating by parts twice, using the periodicity of the domain

and (|148)), yields

- alagUlaf@:/afagUlalez
Q

n28%U181@—/6%U18182@
Q Q

o0
=—/Q<912U16182@,
which combined with implies
/Qvg-vale—/gv%a: V2U2:—/Q(?%Ulal(?g@—i—/ﬂé)%@@lagm. (191)

Using integration by parts for both terms, the periodicity of the domain and that by U satisfies
no010U71 + 2001U71 =0
on 0, we find

— 8%(]18162@—}— 85@8182[]1
Q Q

:/618§U182@+/ 712(92@6182[]1—/32@81851]1
Q o Q

(192)
= / 818§U182@ — 2/ 0582931[]1 — / 82@(31831]1
Q le) Q
= 2/ a32®32U2,
o0
where in the last identity we used (21). Therefore combining (191)) and (192) results in
V(¢-V00 — [ V?O: VU, — 2/ adr,00,U,
Q Q o)
= — 8§U16182@ + 8%@8182U1 — 2/ a000,U, (193)
Q Q le)

= 2/ 0482@(92[]2 — 2/ 04(92682[]2 = O,
FTo) o0
i.e. the last three terms on the right-hand side of (187)) cancel. Therefore by (187), (189) and (193]

one has

1d 1 2
Sq (IIVCI%Q + B\Iv%)llig + B/ a(82®)2> +v||AC)2, = —2y/ al, - AU,
o0 90
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proving the second identity, i.e. (178)).
Combining (177)) and (178) we obtain
1d 1 1 2
(1w + 1l + 5 SIvelt + % [ a@er)
o0

>d [V2ell7. +
+ V|G + vIIVC] (194)

= —21// a(U+Uy) - AU
o0
and, using trace estimate and Young’s inequality, we have

v / U + V) - AU| < awC(|U | + [Tsll ) | U] o
o9 (195)

< ve|Ullgs + € vaC(|U5n + Ul
for any € > 0. By Lemma [5.3] proven in the appendix, there exist constants C,C, > 0 such that
1U[7s < CIALIIT + CallUlIH2 < CIACNIZ2 + CallVEIZ2 + CallU |, (196)
which combined with and yields
55 (IVCI: + 1613 + 51961 + 51VOl: + 5 [ at@m0))
+VIIAC)Z + v VCI
< Cev||AL|Z: + Caev[|VE|[F2 + Ca(+ e (U7 + Ul F0)-

Choosing € = m the ¢ terms on the right-hand side of (197)) can be absorbed and therefore

a 2 2 1 oog 2 1 2 2/ 2
a1 (IV€I3: + 16122 + 3192612+ 51vel2: + 5 [ a@0)
+ VA +vIVEIE:

SOz + 10

holds. Integrating in time ¢ € (0,7) for any T > 0 and using that the right-hand side of (198)) is
integrable in time by (160]) and (162)), we obtain

1 1 2
IVC(DIIZ> + (D)2 + Bllvz@(T)lliz + EIIV@(T)II%z +3 /m a(0,9(T))?

(197)

(198)

S 5100l + €0l + 5 [ al@stl®+ [ (VB +[Us) ) ds
¢ 2Q 0
for some constant C' > 0, independent of time, and hence,
© € L™ ((0,00); H*()) . (199)

Next we show the decay of ||U|| g=. By (177), and (179)

1d 1
22:—2 / AU — —— 22 - 22
Vel =2 [ av-av- 32 (1ol + 5Iv61R: )

:—21// aUAU—/C(t—l/V@V@t

o Q ﬁ Q

:—2V/ aU(Ut+VP—@eg)—/CCt+/V9VU2
oN Q Q

and using trace theorem, Lemma and Holder’s inequality

vIVClL S NU L (10l + [Pl + O] 1)
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By (175)), (163]) and (199) the bracket is universally bounded in time and as |U|| g1 decays by (164]),

Lemma [5.3] results in
U S IVCOIT: + 1T 7 — 0 (200)

for t — oo.
By
||VP — @62||L2 = ||Ut — I/AU”LQ < ||Ut||L2 + I/HU“Hz — 0,

for T'— oo, where in the last limit we used ((176]) and (200]). This proves the desired convergence.
Finally we prove a higher order regularity. As U,U; € L* ((0,00); H*(2)) by (160) and (L62),
integrating (198)) in time shows that

7 TSI + IVC(s)]20) ds

1 2 o0
S 3ol + @0l + / o(200)° + / (U2 + [U(s)]31) ds
oN 0
< 00
and therefore (196) implies
U € L?((0,00); H*(9)) . (201)

5. Appendix
5.1. Gradient Estimates

Here we provide key lemmas that enable our analysis. Lemma [5.1] proves an equivalence of norms
for the full gradient, strain tensor, and vorticity.
In the following we use the notation

/Vu Vo dx = /@'ujaivj dx
1
/]D)U, : Do dx = /(Du)ij(DU)i]‘ dx = 5 /&-uj@ivj + 8iuj8jui dx.

Lemma 5.1. Assume  is a CY'-domain, u,v € HY(Q) fulfill @ and u satisfies . Then for w =
V4t u andn=V*t-v, where V = (—0s,01),

Q/ID)u:Dv:/Vu:Vv—i—/ Iiu-,—’()-,—:/wn—l-Q/ KU Vs (202)
Q Q Ele) Q o0

If additionally v € H? fulfills

—/Au~v:2/]D)u:Dv+2/ QUL Vs (203)
Q Q re)

‘/ Au -2
Q

for all 2 € H', where C = C(a, Q) > 0.

and

< Cllull g [[E] (204)

Proof. Assume at first w € H?. Then

1
2/]D)u:ID)v:f/(Vu+VuT):(VU+VUT):/
Q 2 Ja

Vu: Vv —|—/ Vu: Vol. (205)
Q Q
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Using integration by parts the second term in (205)) is given by

/ 6{[14]‘63'117; = */ Giﬁjujv,; +/ n- (’U . V)u = / V- (T . V)u, (206)
Q Q o0 1)
where the last identity is due to u satisfying and v satisfying @ Combining (205)), (206] and

we find
2/]1))u:]D)v=/Vu:Vv+/ KUr Vs,
Q Q o0

which by density also holds for v € H*, proving the first identity of (202)).
Similar to the proof of the first identity, integration by parts implies

/Vu:sz—/v-Au—&—/ v-(n-V)u:—/v-Vlw—&—/ v - (n- V)u, (207)
Q Q o9 Q o9

where the last identity is due to (50) and v satisfies @ Using integration by parts again the first
term on the right-hand side of (207) is given by

—/U-Vsz/UJ‘-sz/ UJ‘-nw—/V-vJ‘w:—/ U7w+/nw. (208)
Q Q a0 Q r9) Q

In order to calculate the remaining boundary terms notice that the algebraic identity 7;7; +n;n; = d;5,
where §;; is the Kronecker delta, i.e. d;; = 0 for ¢ # j and §;; = 1 for 4 = j, holds and therefore

T Vu-w=7-n-Vu-Vt-u=7-n-Vu—7-(7-VYu—-n-(n-Vu
=7-(n-VYut+1-(F-Vut+n-(nt-Vu=n-(r-V)u = ru,,

where the identity is due to (49)). Combining (207), (208) and (208) yields the second identity in (202).
To prove (203)), integration by parts yields

—/ Au-v:—/ v-(n-V)u+/ Vu:Vv:—/ UTT~(n-V)u+/ Vu: Vo, (209)
Q o0 Q a0 Q
as v satisfies @ The boundary term can be written as

—7-(n-Vu==2Dun) -7+n-(7-V)u=2a+ K)u,, (210)

where in the last identity we used and ([49). Combining (209), (210) and (202) yields the claim.
Next we focus on (204]). Partial integration again yields

—/Au-E:/Vu:VE—/ E-(n-Vu
Q Q re)

Note that n;n; + 7,7; = J;; and (210) imply

—/Au~E:/VU:VE—/ E-7)7-(n-V)u-—
Q Q o Q (211)
:/Vu:VE+/ (20[+I€)ETUT—/ E-n)n-(n-Vu.
Q a0

[o19)

S~

In order to estimate the last term on the right-hand side of (211)) we extend n to the whole space Q
according to Corollary i.e. there exists n € WH4(Q) fulfilling

nloq = n, (212)
[nllwra < Clnflwre < C(1+ ||&]loo)- (213)
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Therefore Stokes’ theorem implies

‘/89(5~n)n~(n~V)u
= [ netEw-

:‘/QV-((EW)(??-V)U)

(214)
< ‘/ 0iZjm Mk Or s
Q

+ ’/ E;1;0iMk Oy
Q

+ ‘/ E51; Mk Ok 054
Q

+ ’ Z;0in; Mk Ox
Q

< Anllze Unllze= IVEI L2 IVullz> + 2V nll Lo [El| o[Vl 2) + ‘/Q(E'n)(??'v)(V'U)

The last term in (214]) vanishes by and the remaining terms can be bounded using Sobolev
embedding resulting in

/{)Q(En)n(nV)u

where in the last inequality we used (213]). Using Hoélder’s inequality for the first and trace Theorem
and Holder’s inequality for the second term on the right-hand side of (211]) we find, after plugging in

(215),
‘/ Au -2
Q

Lemma [5.2] exploits Lemma[5.1] showing coercivity for the Laplace operator combined with the
Navier-slip boundary conditions due to a > 0.

< ClnlfiyrallElla Vul Lz < CQ+ [|KIE)IEl [ Vull 22, (215)

< (V411200 + sz + 61 Loe ) ClIEN e [lull -

O

Lemma 5.2 (Coercivity). Let 2 be a Ctt-domain, o > 0 almost everywhere on 9Q and u € H' satisfy
and (). Then there exists a constant C = C(|Q|) > 0 such that

1 . _1y—
IVule + [ > g min (Lo~ 2L}l (216)
on
T . 1y 1 -
Dl + [ aut > gmin {1 o~ 74 o~ Rl . (217

Proof. First use the fundamental theorem of calculus, Young’s and Hoélder’s inequality to get

2
< 203 (21, &2) + 2[az — Tol|Oaul|72 (218)

(w1, 32)* =

u(xy, o) —|—/ Oou(xy, 2) dz

for all z € Q and Z5 such that (z1,%2) € 9Q and the straight line from (x,%s) to (z1,z2) are
completely in 2, where L2 (1) indicates the L?-norm of the vertical line pieces at x1. In the inequality
in (218) we also used u(z1,@2) = ur(x1,@2) as u-n = 0 on the boundary by (6]). Integrating over Q
we find

s < © ( R ||Vu||%2) < Cmax {1, o "1~} ( R ||Vu||%2) (219)

for some constant C' > 0 depending on |Q|, proving (216]). In order to prove (217) notice that by
Lemma [5.1]

IVults =2iDuls — [ w2 <2Duls + okl [ au?
o0 o

1
< 2max {1,||a” k||~ } <||Du|%2 + 5/ aui) ,
[5}9]
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which yields

1 1
Dl + [ aud > Gmin {1, o~} [Vale + 5 [ aud
o0 2 2 Jaq

1 . _1n— 1 -

> min (1, Ja 52 o~} (19l + [ a2)
2 0
1 . - _ _

> Zmin {1, a4, o~ sk ul,

where in the last inequality we used (219)). O

Using the stream function formulation, Lemma [5.3| extends Lemma allowing us to exchange
between the full gradient and the vorticity for higher order Sobolev norms.

Lemma 5.3. Let 1 < p < 00, k € Ny, 1 < r < 00, Q be a C*V1_domain and u satisfy and @
and w = V* -u. Then there exists a constant C = C(,p, k,r) > 0 such that

Vullwrr < C(lwllwrr + ullr) - (220)
Additionally for o € WF+2:2°(9Q) and a C*+31-domain Q,
[Vullwrrzr < CllAw|lprs +C (||a + H||Wk'+2,oo(asz) + 1) [l yyrt2p. (221)

Proof. Let ¢ be the stream function of u, i.e. u = V1@, then taking the curl of u shows A¢ = w.
Additionally ¢ is constant along connected components of the boundary as

d

0@, 22(N) = xa(V) Vo =7 Vo = T Vie=—n-u=0,
where )\ is the parameterization of 92 by arc length. Therefore the stream function fulfills
Ap=w in
=1 on I';,

where 1; are constants and I'; are the connected components of 9€2. As ¢ is only defined up to a
constant we can assume that it has vanishing average to be able to use Poincaré inequality. By elliptic
regularity (for details see Remark 2.5.1.2 in [22]) ¢ — (—A, ¢|aq) is an isomorphism from W +22(Q)

onto W*P(Q) x Wk+2_%’p(8§2), which combined with the definition of ¢ implies

IVuliwsr < llélwrrzs < Clwlwes + ClO a1 o0 - (222)
In order to estimate the boundary terms note that by trace estimate
160y = 3 105l = 3 [ 1050 = 1610
o =2 =2 ), o (223)

< ||¢H€V1,p(g) < C||v¢||ip(g) = CHUHIEP

for all s > 0, where in the last inequality we used Poincaré inequality and in the last identity the
definition of ¢. Gagliardo-Nirenberg interpolation and Young’s inequality imply

lullze < CIValg, lullis? + Cllullr < epClVullzs + (1= p)e ™7 +1) Cllullys (224)

for all € > 0, where p = gg:g. Combining (222]), (223]), (224]) we find
IVullwrs < Cllwlwes + €ClIVullLe + Cellullr,

due to Holder’s inequality applied to the last term. This estimate yields (220]) after choosing e suffi-
ciently small.
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The proof of (221) follows a similar strategy. By elliptic regularity for the vorticity, w —
(—Aw,w|pq) is an isomorphism from W**2P(Q) onto W*P(Q) x W’”Q*%’Z’(GQ), which combined
with the boundary condition yields

[wllwrezr < CllAw]lwrr + Cll(e+ K)ur| (225)

1, .
R 90)

The boundary term can be estimated by Holder’s inequality and the trace theorem (for details see
Theorem 1.5.1.2 in [22]) by

ot m)url v < o Bl ooy ullwesa . (226)

(09)
Combining (220)), (225) and (226]) we find
IVullweszo < ClAwllwes +C (o + llwrsz.o ooy + 1) fullwerzo.
|
Lemma provides estimates for gradients multiplied with vector fields satisfying and @
While integrals over the whole space would vanish because of orthogonality, they are in general nonzero

for boundary integrals. However, the orthogonality provides bounds that require less regularity than
trace estimates.

Lemma 5.4. For a C*'-domain Q, f € WH(9Q), p € HY(Q) and v € H'(Q) satisfying V -v =0 in
Q andv-n =0 on O there exists a constant C' > 0 depending only on the Lipschitz constant of Q

such that
/ fv-Vp’:’/ p7-V(fv-T1)
a0 a0

Proof. First, as connected components of the boundary are closed curves and 7 -V is the tangential
derivative along 0f) parameterized by arc-length, we find the integration by parts formula

[ govo= [ for Vo= [ Ve = [ oS0 == [ orSisn)

< Cllfnllwr. ool V]l

where v, = v - 7. Using product rule and v-n =0

/ PV (fur) = / ooVt [ fpr- Vo (227)
o0 o0 o0

The first term on the right-hand side of (227)) can be bounded using Holder’s inequality and the trace
theorem as

\ /6 N Vf] < Ol lwrecom ol ol < Clfnllwsoom ol o]

In order to estimate the second term on the right-hand side of (227) notice that since W (9Q) C
W'=52(9Q) for all 1 < p < co we are able to extend fn € WL(9Q) to n € WLP(Q) as described in
Corollary ie.

noe = frn,  lnllwir@) < Cllfnllweoe)- (228)
Since 7 (7 - V)T = %T'V(T~7) -0
7-Vor,=7-Vu-r)=v-(r-V)r+7-(t-Vvo=v,7- (- V)7 +7-(7-V)v
=7-(1-V)v,
which combined with 7;7; + n;n; = d;; implies

T Vo, = 17100 = 6;;0;0; —nn;0iv; =V-v—n-(n-Vjv=n-(n-V)v, (229)
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where in the last identity we used the divergence free assumption on v. Using (228)) and (229) and
Stokes’ theorem we can estimate the second term on the right-hand side of (227) as

for-o, == [ om0 Vo= [ pn-r-V)o== [ V-t 9p)

:—/QVp~(n'V)v—/Qpamjajvi—/Qp(n-V)(Vv)

The last term on the right-hand side of (230|) vanishes by the divergence free assumption on v and for
the other terms we use Holder’s inequality, the Sobolev embedding theorem, and (228) to find

‘/ pr'VUT
[219]

a0 (230)

< Clnllzellplla 1ol ez + Clinllwrallpl sl

< Clnllwrallpll o] e
< Cllfnllwrs oo llplla vl -

5.2. Technical Lemmas

The following Lemma is a slight modification of Lemma 3.1 in |16]. For details see Lemma 49 in
14

Lemma 5.5. Assume f € L'(0,00) is a non negative that satisfies f' < C for a constant C and all
t > 0. Then

ft)—0 fort — oo.

The following Corollary is an immediate consequence of Theorem 1.5.1.2 in [22] with | = k =0
and s = 1.

Corollary 5.6. Let Q be a Ct'-domain and 1 < p < co. Then for every g € Wlf%’p(ﬁﬂ) there exists
f e Whp(Q) with

floan =9 and Il fllwir) < C”g”Wl‘%'p(am'
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