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Abstract

This paper investigates the large-time behavior of a buoyancy-driven fluid without thermal
diffusion under Navier-slip boundary conditions in a bounded domain with Lipschitz-continuous
second derivatives. After establishing improved regularity for classical solutions, we analyze their
large-time asymptotics. Specifically, we show that the solutions converge to a state where, as
t = 00, ||ullwir — 0, and hydrostatic balance is achieved in the weak topology of L?. Additionally,
we determine the necessary conditions for the hydrostatic balance to be attained in the strong
topology in the large-time limit. We then analyze a particular steady state, the hydrostatic
equilibrium, characterized by v = 0, § = Sx2 + 7, and p = §x§ + yx2 4+ J. In a periodic strip, we
establish the linear stability of this state for 8 > 0, indicating that the temperature is vertically
stably stratified. This work builds upon the results in HEL which focus on free-slip boundary
conditions, as well as recent studies ﬂa, El] that address no-slip boundary conditions. Notably, the
novelty of this study lies in the ability to directly bound the pressure term, made possible by the
Navier-slip boundary conditions.

1 Introduction

In real-world phenomena, fluid behavior is influenced by external forces, boundary conditions, and
various physical factors, including active scalars that characterize the flow. In the ocean, temperature
and salinity are common examples of these scalars. This paper focuses on the Boussinesq approxima-
tion, where density variations due to temperature differences are retained only for generating buoyancy
forces under the influence of gravity. Here, the active scalar (temperature), which diffuses and is ad-
vected by the fluid, affects the flow solely through buoyancy forces. The Boussinesq system is given
by

ur +u - Vu — vAu = —Vp—|—9f€
V-u=0
O:+u-VO =puAlo
(u, 0)(z,0) = (uo, o) ()

where u is the velocity, 6 is the active tracer (which typically represents density or temperature), k
represents the vertical direction (l% = eg in 2D, k= esin 3D), v is the viscosity, and p is the diffusivity
of the active scalar. In full space with v, u > 0, the system has a unique global weak solution with
initial data in LP, with improved regularity of the solution when the initial data is smooth ﬂ] Limiting
cases are natural extensions for study, allowing one to gain insight into dominating behaviors of the
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system. For example, compressible (V - u # 0) adiabatic (¢ = 0) inviscid (v = 0) flows are commonly
considered in astrophysics (see, e.g, [45]).

The particular limiting case we consider in this paper is the case where the fluid has an active tracer
whose diffusivity is negligible, i.e. ;4 = 0. In particular we consider the 2D incompressible, thermally
non-diffusive Boussinesq equations

ug +u-Vu — vAu = —Vp + ey (1)
V-u=0 (2)

Oy +u-V6=0 (3)
(u,6)(,0) = (1, B0) () ()

One physical understanding of the choice of © = 0 is the assumption that the system is adiabatic,
that is, no heat (or scalar) is exchanged with the surroundings through diffusion, and transport occurs
purely through fluid motion. The motivation for studying this problem is closely related to boundary
layer theory [39]. Additionally, in two dimensions, the structure of the fully inviscid and thermally
non-diffusive system — while at most locally well-posed (see |10, [11] and references therein) — bears
similarities to the structure of the three-dimensional Euler equations for axisymmetric swirling flows.
This similarity leads to analogous mathematical challenges in obtaining estimates. For further discus-
sion on this connection, see |16], and for recent progress, refer to [40] and references therein. Several
studies have addressed the system’s well-posedness in full space, the torus [11, 24, 19, 23, |15, 136, 126,
33], and bounded domains with smooth boundaries, considering both no-slip [34, 125] and free-slip
conditions [16, 28].

In this paper, we are interested in the Navier-slip boundary conditions in the tangential direction
and no-penetration conditions in the normal direction, that is

(Dun+au)-7=0, (5)
u-n=0 (6)
where n is the unit outward normal vector, 7 = n* = (—ng, n1) is the corresponding tangent vector,

and Du = %(Vu + Vu™) is the symmetric gradient. The Navier-slip boundary conditions serve as
an “interpolation” between stress-free and no-slip conditions. They are more physically realistic than
stress-free conditions and, in many cases, provide a more accurate representation of fluid behavior
compared to no-slip conditions (see, e.g., [37]).

Kelliher [30] extended results on the existence, uniqueness, and regularity of solutions for the 2D
incompressible Navier-Stokes equations with Navier-slip boundary conditions, building on earlier work
[13,21]. The global existence and uniqueness of the partially dissipative Boussinesq system (I)-(]) on
general bounded domains with Navier-slip boundary conditions for non-smooth initial data is proven
in [27]. Using techniques from [5] we follow the main strategy of |16], who study the same system with
free-slip boundary conditions, and prove higher regularity of the solutions under the same conditions
as in [27]. Our first main result concerns the regularity of the system.

Theorem 1.1 (Regularity).

e (Uniform Regularity) Let Q be a C*'-domain, 0 < a € WH®(9Q), ug € H?(Q) satisfy the
corresponding incompressibility and boundary conditions and 6y € L7(Q)) with # > 4. Then

solutions of [@)-[@) satisfy

u e L™ ((0,00); H*(Q2)) N LP ((0, 00); WP (Q)) (7)
up € L ((0,00); L*(Q)) N L* ((0,00); H' () (8)
p e L>®((0,00); H' () (9)
0 € L>((0,00); L™ () (10)

forany2<p<ooandl <r <r.



o (Higher regularity) If additionally Q is a simply connected C31-domain, 0 < o € W2>(9Q) and
the initial data satisfies g € W4 with G > 2, then

we L2 ((0,T); H3(Q)) n Lv2 ((0,T); W>P(Q))
6 € L>((0,T); WH1(Q))

for anyT>0,2<p<ooandl<q<q.

In [27] the authors establish global well-posedness results for strong solutions in the class u €
L ((0,7); H*(2)) N L2 ((0,7); H*(2)) and 6 € L> ((0,T); L>(2)) for any T > 0. Using techniques
from [5], Theorem [[T] extends these results by showing that the crucial a-priori bounds hold uni-
versally in time in a space of higher regularity. Specifically we obtain uw € L ((O, o0); H 2((2)) N
L ((0,00); WHP(Q)) for any p < oo. Additionally, under more restrictive conditions, we prove

ue L?((0,7); H3(Q)) N L ((0,T); W2P(Q)) for any T >0 and 2 < p < occ.

Our next goal is to show large time asymptotic behaviour of the solution to ([I)—(E). In the
last ten years, there have been numerous works studying the large time asymptotic behavior of the
Boussinesq system (with full and different combinations of partial dissipation or diffusion) in either 2
or 3 dimensions: For the case 4 = 0 and v > 0 several studies have addressed different configurations.
In two-dimensional domains, results include cases with C' boundaries [34], periodic domains [3, 142],
and C%7 polygonal boundaries with stress-free conditions [16, 138]. Studies on systems with Dirichlet
boundary conditions can be found in [38, 2], while results for periodic strips are presented in [8, [12].
Additional boundary conditions and small initial data have been explored in [19], and results with
lower bounds for the 2D torus, full space, and periodic strips are discussed in [31]. In the case where
both p > 0 and v > 0, studies on the three-dimensional full space can be found in [6, [44]. For mixed
viscosity and diffusivity, various results are available for two-dimensional systems |35, 43, 146, 129], while
three-dimensional results can be found in [41].

In |16], the authors considered free-slip boundary conditions, and analyze the large time behaviour
of the perturbation near a particular steady state called the hydrostatic equilibrium and showed that
the L? norm of the velocity field and its first order spatial and temporal derivatives converge to zero as
t — 0o. As a consequence, their result demonstrates that the pressure and concentration stratify in the
vertical direction in the weak topology. In [32] the authors assumed no-slip boundary conditions for u
on a bounded domain and showed that for data satisfying (ug,6p) € (H> N HE) x H! with V - ug = 0,
one has

[Vule =2 0. [Au(®) = PO(0e2) 12 =2 0 and [Au(t)]z2 < C.

where P = Id + V(—A)~div is the Leray projection and A = —PA is the Stokes operator. In the
follow-up paper [2], the authors proved that, as t — oo, P(6(t)e2) weakly converges to 0 in the class of
L? vector fields with V-4 =0 and u - n = 0 on 0. Most recently, in the same setting the authors of
[1] extend the results in [32] to initial data with different regularity and prove that the concentration
6(t) achieves a steady state 6 if and only if limy_,oo(Id — P)(0(t)es) = feq, with |02 = ||6o]|L>
Moreover, if such convergence to a limiting steady state holds, it is proved that || Au(t)|| 2 = 0 and
IVp— 6(t)eallzx — 0.

Inspired by the results in [16], [2] and [1] and using techniques developed in [5] we prove the
following

Theorem 1.2 (Large Time Behaviour). Let Q be a C%*'-domain, 0 < o € W1 (0R), ug € H?(Q)
satisfy the corresponding incompressibility and boundary conditions and 6y € L*(Q2).

1. Ast — oo we have

(a)

u(t) =0 in WH? for any 1 < q < oo



(b)

ug(t) =0 in L*

(c)
Au — 0, Vp(t) —0(t)ea =0  in L?

2. Let £ € L? withV-£ =0 and £ -n =0 on 00 and Vy € L? with fQ x = 0 be the divergence-free
and curl-free part of the vector feq respectively, i.e. es = &+ Vx. Then, as t — oo

(a)
Vp(t) — Vx(t) =0 in L?

(b)
E(t)—0 inL?

(c)
vAu(t) +&(t) -0 in L2

3. Suppose that Oes converges to a steady state 6 in L?. Then as t — 0o
Au(t) =0 in L?

and
Vp(t) —0(t)ea — 0 in L? (11)

Notice that under the assumptions in partBlwe have [|€|| L2 — 0 as t — oo (see the[proof of Theorem
[L2). This implies that B
fes = lim Vy in L?
t— o0

which means that fes must be curl free in the limit, and, in particular 0 = V x (Bez) = 016. The

fact that 0 is independent of x; means that the fluid is vertically stratified, while the convergence

IVp—0(t)ezal 2 =2 0 implies the hydrostatic balance is achieved (in the limit) in the strong topology.
— 00

Parts 2 and [3] of our theorem were inspired by recent results in [1] and [32].

We note that, unlike in [1] and [32], we do not project our equations onto the space of divergence-
free vector fields. While such a projection would simplify the analysis, it is not compatible with the
boundary conditions considered here. Instead, taking advantage of the improved regularity properties
of the flow under Navier-slip boundary conditions, we work directly with the equations and estimate
the pressure, following ideas from [20, |5]. Additionally, under the assumptions of part B we are
able to demonstrate full convergence of the Laplacian (not just its divergence-free component) as a
consequence of (2d).

One particular steady state that is worth discussing in this context is the hydrostatic equilibrium
considered in [16]: Suppose for a moment that v # 0 and p # 0 and that we are looking for a solution
of the form (0, ppe(z2),One(x2)). When formally substituting this Ansatz in ([Il) and @) we obtain
Oz, Phe(T2) = Ope(x2) and 8520(3:2) = 0 respectively. From the last equation we deduce that Oy,e(x2)
must be an affine function of the depth of the form 6(z2) = Bz2+ . In the case of the fully dissipative
system (u # 0 and v # 0), under free-slip or no-slip boundary conditions an easy argument shows that
the steady solution (0, Sz + ) is globally asymptotically stable when 5 > 0 (see Section 1.3 in [16]).
This motivates us to study the stability of this Ansatz in the particular circumstances when the thermal
diffusion is insignificant and the velocity satisfies Navier-slip boundary conditions on an arbitrary but
regular domain. The asymptotic stability around the hydrostatic equilibrium of the solution of the
Boussinesq system without molecular diffusivity has been studied under free-slip boundary conditions
on a rectangular domain [16], on the periodic strip T x (0,1) [17] and on an infinite strip R x (0,1)
[18].



We perturb system (I)-(E]), defining

where

Uhe = 0, Ope = Bz + 1, phe=§$§+7$2+5-

Then (ﬁ,é,[)) satisfy
Gy + - Vi — vAi = —Vp + fes
V-u=0
0, +@-VO+ By =0
(ﬂ,é)(x,()) = (ﬂo,éo)(fb)
u-n=>0
Din+au)-7=0

(14)
(15)
(16)
(17)
(18)
(19)

where éo =0y — Bxa + v and @y = ug. Note that this system is exactly (0)-(&l), just rewritten in the ~
variables, and therefore Theorems [[.T] and apply to (I4)-(I3). Linearizing we obtain the system

U, — vAU + VP = Oe,

V-U=0

O + pU2 =0
(Uv 9)(5570) = (U0790)(x)

U-n=0

DU n+al)-7=0

20
21
22
23
24
25

—_ — — Y ~— —

(
(
(
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(
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where we use capital letters to distinguish from the variables of the nonlinear system. The correspond-
ing vorticity will be denoted by . Note that the eigenvalue problem for spatially periodic solutions to
@0)-22) coincides with Theorem 1.4 (3) in [16], implying instability when 8 < 0. If however 5 > 0 we
are able to prove the linear stability of ([20)-([25]). Indeed, this makes physical sense as denser parcels

of fluid sink while lighter parcels rise.

Theorem 1.3 (Linearized System). Let @ = T x (0,1), 8 > 0, « € R and assume 6y € H*(Q) and

Uy € H?(Q) satisfy the corresponding incompressibility and boundary conditions.

e (Regularity) Then solutions of 20)-([28) satisfy

e (Linear Stability) Additionally the hydrostatic equilibrium is stable in the sense that

U@z —0
IVP(t) — O(t)ea|| 2 — 0

fort — oo.



The regularity result follows in a similar fashion to that of the nonlinear system.

Theorem shows that as ¢ — oo the solution converges to a state that satisfies the hydrostatic
balance in the weak topology of L?. However 6 does not necessarily converge to the linear profile in
L?. From our analysis we only deduce

10(t) — Bxo — |2 = C ast— oo

(see Remark B.1)). We briefly remark that in all of the works previously cited, the only temperature
steady state under consideration is actually a family of linear profiles, with no clear specification of the
constants. To the best of the author’s knowledge, the only paper to look for the exact equilibrium is
[28], which implicitly specifies this profile in the setting of stress-free boundary conditions. However,
the result is only proved for small initial data, and there is no explicit connection made to the linear
profile.

The decay results BI) and ([B2]) show that the hydrostatic equilibrium (I3)) is linearly stable when-
ever [ is positive. That is, perturbations about the hydrostatic equilibrium (I3)) of the linearized
system converge to the hydrostatic equilibrium in strong norms.

The absence of nonlinear terms allows us to work solely in Hilbert spaces. The main difficulty
for this problem stems from the absence of conservation laws and maximum principles for ([22)). The
convergence in (B3I is based on the uniform boundedness in time of ||VO| 2. We are able to show
this when = T x (0, 1), taking advantage of the periodicity in the horizontal direction. We want to
stress that the bound we derive for VO is not straightforward: We compute

ﬁ 2 2 1 o2g 2 1 2 z/ 2
p (IIVCIILz + [I¢lz2 + ﬁIIV Ollz + BHVGHL2 3 ), a(0,0) (33)

(see ([94)) and show that, due to cancellations, this is bounded by ||U||3;: + |U¢||3;:, which, in turn,
converge to zero uniformly in time. As a byproduct, we obtain a even higher order regularity, that is,
U € L?((0,00); H3()). We believe that the same ideas can be employed to show the same result in
the infinite strip @ =R x (0, 1).

We remark that, differently from the results of Dong [17] and Dong & Sun [18,[19], with the methods
employed in this paper, we are not able to give explicit decay rates for the velocity, temperature and
their derivatives.

The paper is organized as follows: Section [2] consists of a consecutive series of a-priori bounds
resulting in the of Theorem [Tl SectionBlproves the convergence to the hydrostatic equilibrium,
i.e. Theorem[I.2l Section[Mlis devoted to the linearized system. Here we provide the of Theorem
1.3 The Appendix consists of [gradient estimates| for our geometry and boundary conditions and

[technical [Lemmas| that are used in the main part.

2 Proof of Theorem [1.1]

Before starting our analysis, we recall that the signed curvature x of a planar curve is defined as the
rate of change of its tangent vector with respect to the curves arc length, i.e.

(- V)T = kn. (34)

For notational simplicity, since u - n = 0 on the boundary, throughout the paper we will denote
U == U~ T.
Unless otherwise stated, in the following sections we will always assume

Qis a Ct'-domain and 0 < o € L>(9N) almost everywhere on 99.

Note that € is a C*'-domain if locally its boundary 9§ can be described as a C*! map, i.e. the map
is k-th order differentiable and each derivative is Lipschitz-continuous. For details see Section 1.2.1 in
[22].



Finally, we remark that, as a solution of the transport equation, 6 fulfills
[6llz» = 1|60 v (35)

forall 1 <p<ooiffye LP.

2.1  Argument for u € L=((0,00); W'P(Q)) for p > 2

We start by proving H!-regularity by standard energy estimates.

Lemma 2.1 (Energy bound). Let ug,fy € L?(2). Then the energy is bounded by
lullze < €™ “"luo|lz2 + Cv 6ol 2

for some constant C = C(a, ) > 0.

Proof. Testing ([dl) with u, we find

1d
§E||u||2L2:—/u-(u-V)u+l//u-Au—/u-Vp—i—/ugH. (36)
Q Q Q Q

notice that by (@) the first and the third term on the right-hand side of (B8] vanish under partial
integration, which together with ([203]) implies

Ld, o 2 2
——||ul|72 + 2v||Du||72 + 2v auy = [ ugb.

Now Lemma [5.2] yields, for a constant C' > 0 depending only on « and €2,

1d
g gl + Cvlul < [ uat
1
< ellullze + 11017
for any € > 0. Choosing € < Cv, (83) and Gronwall’s inequality yields

d _
ZlullZz + Cvlullz < Cv™Hi6ol7: (37)

lullZs < e uollZ2 + Cv=2(|6o]|7.

O
Lemma 2.2 (H'-Bound). Let ug,0p € L*(?). Then u € L* ((0,00); H(2)).
Proof. Let us define the new variables 6 =6 — x5 and p=p— %x% Then u, p and 6 solve
U+ u - Vu — vAu+ Vp = ey in Q (38)
V-ou=0 in (39)
0, +u- VO = —uy in Q (40)
u-n=0 on 0% (41)
Dun+au)-7=0 on 0% (42)

and testing (38) with v and (@) with § we find

1d 2 A2 / / / 4 /A A
—— (|lul|zz+1072)=— | v- (- V)u+v [ u-Au— [ Vp-u— [ Ou-V0.
3 (Il +1013:) = = [ we (- pustr | ) )



Notice that the first, third and fourth term on the right-hand side vanish under partial integration by
@) and (@)). For the remaining diffusion term, (203)) implies

d
- (Jull32 + 110 — 2||22) + 4v <||Du||%2 + /89 au§> =0. (43)

Integrating ([@3) in time,

t
o) + 16(0) — aalfs + 40 [ (nDu(s)niz <[ aui<s>> s
= [luol|32 + [|60 — 22|72

for all ¢ > 0, which by Lemma B2 ie. |ull3; < C(|DullF. + [, ou?), implies

t
CV/ lu(s)ll7n ds < lluollZ> + 100 — 22|17 (44)
0

with C,v > 0, where the right-hand side of (@4 is independent of ¢ and therefore

u e L* ((0,00); H'()) . (45)

Next, recall that the vorticity w = V* - u, where V+ = (—0y,d1), satisfies

wt +u - Vw —vAw = 016 in Q (46)
w=-2(a+K)ur on 092, (47)

The boundary condition notice that as 7 = (—na,n1)
w=wr-T=w(—ming +mn) =2Dun) -7—2n- (1 V)u. (48)
As u is tangential to the boundary by (@), the last term in (&) can be rewritten as
n-(r-Vju=n-(r-V)(ur7) = Kkur, (49)

where in the last equality we used n -7 = 0 and the definition of k, i.e. (34)). Combining @S], (49)
and (B) results in the boundary condition (7).
Notice since u satisfies ([2)), we have the identity

Viw= (322U1 — Oh0aug, —0102u1 + 5%112) = Au. (50)
Lemma 2.3 (W'P-bound). Let p > 2 and ug € W'P(). Then u € L™ ((0,00); W'P(Q)).

The following proof is a slight variation of [5, Lemma 3.7] and we state it here for the convenience
of the reader.

Proof. Let p > 2. Fix an arbitrary 7' > 0, set A = 2||(a + £)u-|| L= (0,7x00) and let ©F solve

OF +u- Vot —vAGT =010 in O
OF = +|wol in
ot =£A on 9.



Then the difference @t = w — &F solves

of +u- Vot —vAct =0 in Q
CIJ(:)‘: :w0:F|w0| in

o = 2(a+ K)u, TA on 9f.

Since the initial and boundary values of @* are sign definite, this implies @+ < 0 (@~ > 0) by the
maximum principle. By the definition of @* we therefore get &~ < w < &% and

|w| < max {|&*|, |@~|}. (51)

We will now derive upper bounds for @™, which by symmetry also hold for &~. Omitting the indices,
we define

w=0—A, (52)
which satisfies
W +u- Vo —vAw = 016 in Q (53)
(:)0 = |w0| —A in Q (54)
w=0 on J9). (55)

Recall p > 2 by assumption. Testing (53) with &|@[P~2 and integrating by parts we obtain
1d ~ 1P ~1p—2 ~12 ~|p—2 ~
—— @l = —(p =Dy | [@P7IVe]” = (p—1) [ [0]P"0010. (56)
dt Q Q

Next we estimate the last term on the right-hand side of () via Holder’s and Young’s inequality by

~p— N - P2
(0~ 1) 6120005, < (0 - V)6l 07| [Jo"
Vo =1 | s | — (57)
< (I) 2 V(Z) L )
2 L2 La
where 1 —|— —|—— = 1 and therefore ¢ = . Combining (5€) and (E7) we find
= _””H (@)1 < 5ot at?
ol + 2w (@) < B el 1l

Next by Poincaré’s inequality, since @ = 0 on 91,
p—1 A ||P—2
el + CviielL, < =101z [@]7

for some constant C' > 0. We divide by ||&[|%,?, then use (35) and Gronwall’s inequality to obtain
[&llzr < €= @ollLe + Cv (60|l Lo (58)
Next we estimate A. By Gagliardo-Nirenberg interpolation and Young’s inequality we get

A =2||(a+ &)ur Lo (0, m)x00) < 2|l + Kl Lo a0 [|ull L 0,1y x )
—2

< OHV“”Z(&(S)T ;Lp Q))HUHZ(; (1))T () T Cllulle=0.1:22())

< eC||Vull (0,150 ) + C (1 + €ﬁ> llull Lo (0,752 (0)) (59)



for arbitrary € > 0 and C' > 0 depends on «, 2 and p. Plugging the estimate of Lemma 5.3 for k£ = 0,
proven in the appendix, into (59) and using Lemma 2.1] we find

2 _
A< GC”WHLOO(())T;LP(Q)) +C (1 +e+ 62*17) (HUOHL? +v 1||90||Lz) . (60)

Recall that |w| < max{|&™]|,|@~|} by (BI). Combining (52)), (58), (54) and (60) we obtain

lwll Lo 0,757 () < @l Lo 0,720 (02)) = @ + All oo 0,7527 ()
S ||C:J()||Lp + CV71 ||90||Lp + CA
< lwollze + Cv 160l Lo + €Cllw]| Low 0. 7:Lr(22))

+C (14 e+¢77) (luollzz + v~ 6olls2)
Finally choosing € < % and using Holder’s inequality we find

lwll oo 0,752 (2)) < C (||w0||LP + |luol| L2 + V71||90||Lp) . (61)

By @3) also [|ul| e (0,7;r()) is bounded by the right-hand side of (GII), which together with Lemma
B3l implies

[ull Lo 0,710 () < C (Vo e + Juol 2 + v |60l ze) -

As the bound is independent of 7" it holds uniformly in time.
For p = 2, the statement follows from the embedding L? C L? for any p > 2. O

2.2 Argument for p € L*°((0,00); H'(Q))
The pressure satisfies
Ap = —(Vu)l : Vu + 020 in Q (62)
n-Vp=—ruZ+2v7 -V ((a+K)u;) +n20  on o (63)

The equation in the bulk is obtained by taking the divergence of (1) and using ([2). In order to
derive the boundary conditions, we trace the projection of ([I]) in the normal direction on the boundary

n-ug+n-(u-Viu—vn-Au+n-Vp=no. (64)
The first term on the left-hand side of (64]) vanishes by (B). For the nonlinear term we find
n-(u-Vu=umn- (1 Vu=ru2
thanks to (@) and (@9). By (B0) and {7) the diffusion term fulfills
n-Au=n-Vtw=—-2n-V*((a+r)u,)=27-V((a+rKu,). (65)
Lemma 2.4 (Pressure bound). Suppose ug € Wh*(Q) and 0y € L*(Q). Then p € L>=((0,00); H(2)).

Proof. Testing (62)) with p and integrating by parts we obtain

/pAp:—/p(Vu)T : Vu+/p829:—/p(Vu)T:Vu+/ pn29—/ 002p . (66)
Q Q Q Q a0 Q

Again integration by parts and (G3]) imply

IVpll7- =/ np-Vp—/pAp
o0 Q

= —/ pmﬁ—i—/ 2puT-V((a+n)u7)+/ pngﬁ—/pAp.
o9 o9 o9 Q

10



Plugging (66]) into ([€7) we find

||Vp||2L2 = —/ pru’ + 2/ pvt -V (a4 k)ur) +/
29 o9

p(Vu)' - Vu+ [ 00:p. (68)
Q Q

We estimate the right-hand side of (68) individually. The first term can be bounded by the trace
theorem, Holder’s inequality, and e-Young’s inequality by

/ pru?
o

< Cllll e llpu?llwra < Cllpl [[w? | e

(69)
< Cllpll o lull pallullwra < ellpllEn + Ce™Hlullia,
the second term by Lemma [5.4] and e-Young’s inequality
[ 2or ¥ (@t k)ur)| < Ovl(a+ wnllwsonyplln (70)
a0
S elpllin + CeHullFn, (71)
the third term by
[pIVal(| 2 < lpllzzlIVullZs < ellplFn + e lullia, (72)
and the fourth term by
1002l e < 18]l 2llpll < ellpllF + € H16]|7- (73)

Combining (68), [63), [0), ([72) and (73)
1p132 < dclplZn +Ce (lullipra + v ull%s + 10132).

As p is only defined up to a constant we choose it such that p is average free. Therefore Poincaré’s
inequality yields

o7 < ClIVPIZ> < ACe|pllipn + Ce™ (llullyrs + v* ullF + 101172) -
Choosing e sufficiently small we find
I < C (llulliyrs + v [ullFn + 161172) < C (lulljrs +v2[|ullfs +116]74)

where in the last inequality we used Hélder’s inequality and applying the previous bounds for v and
0, i.e. Lemma[2.3] and (35]),

Pl < C (luollfyrs + v 2100l Zs + vliuollwa + [16o]|s)
< C (lluollfyrs +v=2[l60]|74 + 7).

2.3 Argument for u; € L™= ((0,00); L*(2)) N L* ((0, 00); H*(Q))

Lemma 2.5 (u;-Bound). Let 0y € L(Q), uo € H2(2), V-up =0 in Q and (Dug n+ aug) -7 =0 on
Q. Then uy € L ((0,00); L*(€2)) N L2 ((0, 00); H(2)).

Proof. Differentiating (), (), @) and (&) with respect to time yields

U + up - Vu +u - Vug — vAuy + Vpy = Ores in Q (74)
V-u =0 in (75)

u-n=0 on JN (76)

Duy n+au)-7=0 on ON. (77)
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Testing (74)) with u; and using (78), (76), (77) and analogous estimates as in the proof of Lemma 2]
we find
1d

37 ||ut||L2 + 21/||]D)ut||L2 + 21// a(r - ut)2 = —/ ug - (ug - V)u +/ Oruy - ea.
t a0 Q Q

Substituting the thermal evolution equation (B]) and using integration by parts, (@), and (@),

1d
wel|32 + 20| Dug|32 + 2V/ T -up)? = —/ ug - (ug - V)u +/ Ou - V(ug - e3). (78)
2dt 89 Q Q
By Holder’s, Ladyzhenskaya’s, and Young’s inequalities
2
/ (e - Vyul < | Vallalll3a < CIVullze (I9wl 7 lullfa + )
79
< CIVull el Vel e 2 + Cl V] e 3 ™)
< elluellzr + Ce M| Vul|7a fJue 7
for all € > 0 and similarly
/ 10wV (uy - e2)| < [10]| pallull o[ Vel 2 < el| Val|72 + €0 7allull - (80)
Q

Combining (78)), (79) and (&)

1d

5 welluels + 20D 3 +2u/ a(r - up)?
o0

< 2efuellip + Ce M IVullLaluellZs + e 10N allullZn

Using the coercivity estimate (i.e. Lemma applied to u;) (BH), and choosing e sufficiently small,
d 2 d 2 A 2 2 2 2
Jlluellze < Zlludllze + Clluddlz < C (luellzz + 1160l ) l[ullz: (81)

for constants C,C' > 0 depending on Q, v, |la~ | 7L, o k| ;%. Gronwall’s inequality yields
t
(@22 < €I 10O 0) 22 + ol [ e IO a3 ds. (52
0

Testing smooth solutions of ([{)-(&) with u; one gets

luellZe < luellzzllu- Vullzz + vl 2| Aull e + [lul| 22]16]| 2
< el ((lullar +v)l[ullg2 + 1101 22) ,

implying ||u¢(0)||r2 < (|luoll gt + v)||uol| g2 + ||0o]| 2. Therefore, using Lemma[Z.2] the right-hand side
of ([B2)) is universally bounded in time, implying

up € L ((0,00); L*(2)) . (83)

Integrating (§1) in time,

| B s < € (1l + esssup o)z ) [ 1ol ds + Clu )l < o0
0 0

by Lemma and (83), implying
us € L*((0,00); H(Q)). (84)
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We are now ready to prove Theorem [[11
Proof of Theorem [Tl
e Regularity: In Section 2.1l we showed that for any p > 2

u € L>=((0,00); WHP). (85)

The regularity (@) and (8) is proved in Section and 23] respectively. The regularity u €
L*((0,00), H?) now follows by subtraction. Indeed, by (B0) and ()

V[Vwll7e = V2| Aulls = [lue +u - Vu+ Vp — feal|7

(86)
< O (luellze + Nullfs + Ipllz +11017:) -
Since € is a C?! domain and o € W2, Lemma [5.3] implies
lullfr < IVullfn + llullz: < Cllwllm + Cllullze < ClIVwllze + CllullF:. (87)
Combining (86]) and ([87) and using Hélder’s inequality,
2 2 2
u < C||Vw + Cllu
Jul < CIVwl + Cllull 5

< C (luellZz + llullfyrs + 07 +110172) -

Notice that by Lemmas 24 23] and and (38), the right-hand side of (88) is universally
bounded in time with a constant C = C(a, 2, v, k) > 0, implying

u € L((0, 00); H2(Q)). (89)

Finally the regularity of u in (@) follows from (BH), ([89), and the Gagliardo-Nirenberg interpola-
tion inequality,
-2
lullfyrs < Cllullfslull e

for any 2 < p < oc.

e Higher Regularity: Now let Q be a simply connected domain with C3! boundary and 0 < o €
W220(9R). Testing (@8] with Aw we find

/thw—F/u-VwAw—uHAwH%z :/819Aw. (90)
Q Q Q

The first term on the left-hand side can be written as

1d
/thwz—/Vw-th—i—/ wtn-Vw:———HVWH%z—i—/ wn - Vw,
% Q o9 2dt o9

which combined with ([@0) implies

1d

——||Vw|3: + v]|Awl|2: = / win - Vw + / u-VwAw — | 610Aw. (91)

Q Q

We estimate these terms individually. Since «, k and 7 are independent of time, ([@T) implies
wp = =2(a+K)ug - T
on 02, which combined with Holder’s inequality, the trace theorem and Young’s inequality yields
/ wen - Vw = —2/ (a+ Kk)ug - ™ - Vw < Clla+ k| pe ||lus Vol wia
aQ o0 (92)
< Clluell Vol < ell Vol + € Clluel 7
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for any € > 0. For the second term on the right-hand side of (@1), Holder’s inequality, Ladyzhen-
skaya’s interpolation inequality, and Young’s inequality imply

1 1 1 1
/ u- Vwlw < luf|ps [Vl s [ Awll e < flullf [lull 22Vl 7 I Vwll 22 | Awll 2>
Q

(93)
< Clluls [Vl IVl 2 < ell VeolZ + Ce full [T 2.
Notice also that Lemma [5.3] applied to ([@2]) and ([@3) yields
|V < Clawl + e Cllulip +Cluly (94)
and
/Q u- Vorhw < eCllAwlZa + C (e + e ullt) fule. (95)

Let at first ¢ > 2, then the last term on the right-hand side of (@) can be estimated by Young’s
inequality as

—/ 0100w < ||V 2] A 2
Q
< ellAwls + Cet ([VO)1E, +1) (96)
Combining ([@TI), @4), (@5) (@), and choosing e sufficiently small,
d
TIVelze +vlAwlie S fudllz + O+ lullf)lullfe + VO + 1. (97)
Taking the gradient of (3) and testing with |V6[|9=2V6,
1d
L e, = —/ IV6|72V0 - (VO - V)u —/ IV6|72V0 - (u - V)V. (98)
qdt ) Q
Using partial integration, (2 and (@) the last on the right-hand side of (@8)) vanishes as
0= —/ V- u|Vo|T = —/ n-u|VO|T+ q/ |VO|7 2V 0u : V30
Q a0 Q
and therefore Holder’s inequality implies
1d q q
EEHV@HM <IVOILa IVl Lo (99)
The logarithmic Sobolev inequality (for details see Lemma 2.2 in [16])
[Vullze < C 1+ [[Vullgr)log (1 + [[Vull g2)
applied to ([@9) and combined with Lemma [5.3 and Young’s implies
1d
Eallvﬂlliq < CIIVO| Lo (14 llullg2)log (1 + CllAw]| 2 + Cllul|2)
< CIVOlL. (1 + llull =) log (1 + [[Awllz2) + ClIVO T, (1 + [|ullz). (100)
Combining ([@7) and (I00) we find

d 2
S (1wl + 2o, ) + sl

101
SIIVOIL, (14 fulde) + V0L, (1+ [full ) log (1 + [|Awl] 2) (101)

el llullZe + lulle + el
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Next we define

which fulfill A € L'(0,T) by (83) and Lemma 25 B € L?(0,7T) by (89) and

%Y(t) + Z(t) < AW)Y (t) + B)Y (t) log (1 + Z(t))

because of ([I0I)). Therefore the logarithmic Gronwall’s inequality (for details see Lemma 2.3 in
[16]) implies Y € L*(0,T),Z € L'(0,T) for all T > 0, which by their definitions imply

Vo € L>((0,T); LY(Q)) (102)
Aw € L? ((0,T); L*(2)) (103)

for 2 < ¢. Since ||0|| L« is bounded by B0 and ||ul/ g2 by 9), then by Lemma (3]

ue L*((0,7); H*(Q)) . (104)
By Holder’s inequality and (B8] we are able to generalize (I02)) to

0 € L™ ((0,T); Whi())

for all 1 < ¢ < co. By Gagliardo-Nirenberg interpolation

= 2 s
[ull iz < Cllullgs [l 7

for all 2 < p < oo, which because of (89) and (I04) imply v € Lv ((0,T); WP(Q)) for all
2 < p < o0, where the case p = 2 is due to (89).

O

3 Proof of Theorem [1.2: Large time behaviour
3.1 Proof of Theorem Part [
Argument for (a): Recalling (37), one has

D1ullZa < Cv 16012

5 lullze < Cvlbol|7e,

and by @A) ||ul|?. € L*(0,00). Therefore Lemma [5.5 implies
u(t)||32 — 0 for t — oo. (105)

Now we show the convergence to zero of the H!-norm of u. Testing (6] with w

1d

§E||w||%2 = —/ wu - Vw + V/ wAw+ [ 016w. (106)
Q Q Q
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The first term on the right-hand side of (I06) vanishes under integration by parts because of (2] and
@). In order to estimate the second term one needs boundary values for Vw. Notice that by (G0),
Vw = —Au’, and therefore

vn-Vo=vr-Au=71-u+7-(u-V)u+7-Vp—0nm, (107)

where the second identity is derived from tracing () along the boundary. Using partial integration,

1) and ([I07) we find
V/CUACU:—I/HV(UH%z—FV/ wn - Vw
Q X9)

= —v||Vwl|; — 2V/ (o + K)urn - Vw
o

= —V w22— « R)Uu - Ut — « Kiu - (U - u
— —||Vwl? 2/89( + k) 2/m< R (u- V) -

—2/ (a—|—li)u~Vp—|—2/ (o + K)u 071
[519) o

d
= —v| Vw3, — 7 /asz(a + K)uZ — 2/{39(0[4— K)u- (u-Vu

—2/ (a—|—li)u~Vp—/ wBTy.
o0 o0

For the last term on the right-hand side of (I0), partial integration yields

/Blﬁw:/v-wel)w:/ nﬁw—/@@lw. (109)
Q Q o9 Q

Combining (I06]), (I0]), and (109,
Ld 2 2 2
52 \wllze +2 [ (a+r)us | + vVl
:—2/ (a+li)u-(u-V)u—2/ (a + K)u-Vp (110)
r9) o9

—/ w97'2—|—/ n19w—/981w.
o0 o0 Q

As (—=ng,n1) = nt = 7 = (71, 72) the third and fourth term on the right-hand side of (II0) cancel

resulting in
1d
2dt

w2 +2 /a s+ n)ui) Vel

:—2/E)Q(a+f<a)u-(u-V)u—2/69(a+m)u-Vp—/Q931w-

We estimate the first term on the right-hand side of (II1l) by Holder’s inequality and the trace theorem
as

(111)

[ et mu Syl < flat wlles [ e (e V)l <€Vl (12)
o0 50
< Cllullfyallull a2, (113)

where the constant C' > 0 depends on 2 and «. Due to Lemma [5.4] one gets

—2/ (a+K)u-Vp < Cllpllm lullm (114)
onN
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for the third term on the right-hand side of (III]). The last term on the right-hand side of (I1I)) can
be estimated by

/Q 10010] < 0] sl e (115)

Combining (I11)), (I12), (I14), (I15), Young’s inequality and Lemma [5.3] yields

1d
5 (Mol 2 [ @ m) + 9l
[219]

< C ([ullfyrs + lpll + 11611 z2) lull 22
< Cem (lullra + Pl + 10172) + €ClIVW|Z2 + eCllullFn

for all € > 0. Choosing € = 55 and using Lemma [5.1]
d v _
& (10wt [ a2 )+ ZIVlie < 00 lullyns + Il + 16132) +Clulfe. (16

Notice by Holder’s inequality, Lemma 23] (33), and Lemma 2.4 the right-hand side of (II0) is
uniformly bounded in time and in particular

d
g (Ipue+ [ i) <c (117)
o0

for some constant C. Notice that ¢ — [[Du(t)||7. + [, auZ(t) € L'(0,00) by the trace theorem and
@3). Therefore Lemma [5.5] implies

||]D)u||%2—|—/89au72.—>0 for t — oo

and
||l gr — O for t — oo (118)

due to Lemma (5.2). Finally the convergence in WP for 2 < p < oo follows by the Gagliardo-Nirenberg
interpolation inequality

1—-2 2
[ullwee < Cllull 52" [lull f (119)

for 2 < p < 0o and the fact that by ([89) ||u|| g2 is bounded by a constant and that ||u||g: vanishes in
the time limit by (IIX).

Argument for (b): Recall that in Lemma 25 we proved u; € L?((0,00); H!(2)) and
d
Do <

(see B4), BI) and (83). Therefore Lemma [B.5] implies

lue(®)llpz —0  for t — oo (120)
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Argument for (c): Since H'! is dense in L2, we find for any g € L? there exists a function h € H!
such that ||g — h||z2 < € for any € > 0. Then

(g, Au) = (g — h, Au) + (b, Au). (121)
We will estimate these terms individually. By Cauchy-Schwartz inequality
(g = h, Au)| < [lg = Rl 2| Aull2 < [lg = A2 [|ullg2 < C (122)

for some C > 0 independent of time and any € > 0, where in the last estimate we used (89)). For the
second term on the right-hand side of (I2I]), Lemma [5.1] yields

|(h, Au)| < C|IRl[ g [[ullgr — 0, (123)
thanks to (II8). Combining ([21)), (I22), (I23) we find that for any § > 0 and g € L?
(g, Au)| <6 (124)
provided t is sufficiently large, i.e.
Viw=Au—0 (125)

in L2, where we additionally used (0.
For any g € L?, by () and Holder’s inequality

|(Vp — 02, 9)| = [(vAU — uy — u - Vu, g)| (126)
< v|[(Au, g)| + (llull L+ [Vull L2 + |luel z2)lgllLz — 0 (127)

thanks to (I23)), (Tal) and ([I20), proving (Id).

Remark 3.1. We note that the weak convergence to a hydrostatic equilibrium state, i.e., Vp(t) —
O(t)ea — 0, is a property that occurs independently of the limiting behavior of the function 6. As a side
note, we observe that our analysis indicates that 6 does not converge to the linear function Pxo + v ,
which would be the natural equilibrium candidate based on the analysis of the fully dissipative system.
In fact, the energy identity [@3]) implies

d
G Bl + 16 = iz = 212) = ~45 (IDuls + | au2) <o.
Q

and, in particular, for allt € [0,00) the function t — ||ul|3. + [0 — Bza — |32 is a decreasing function
of t and
0 < flullzz + 110 — Bzz —~[Z2 < CF

where C§ = Bluo||32 + |60 — Ba2 — v|[32. Hence there exists a constant co such that
lullZe + 110 = Barz = |72 = g < CF
Using the fact that ||ul3. — 0 as t — co we conclude that

10 = Bz — 47> — c§ < CF
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3.2 Argument for Theorem Part
The Hilbert space L? can be decomposed (for details see [14], Chapter 1) in L? = L2 @ L%, where

L2={¢cl?|V-£=0,n-£=0}, (128)
L% ={Vx| erl,/ﬂxzo}. (129)

Let £ € L2 and Vx € L3, such that fez = £ + V. Then by (1)
VOl = [ V=) +ue Fu = vhu—g) (130)
Z/QV(x—p)-(ut—i-u-Vu)—u/QV(X—p)-Au, (131)

where the term with ¢ vanished due to orthogonality of L2 and L3,. In order to estimate the last term
on the right hand-side of (I31]) we use integration by parts, ([2]) and (G5) yield

[v0c-pdu= [ (x-pn-du=2 [ (c=pr-Viatnu). (132)
Q o9 09
As connected components of the boundary are periodic and 7 - V is the tangential derivative we find
2 [ (x=pr Vet ou) =2 [ Ve p)a+ o) (133)
09 o9
= —2/ (a+ K)u-V(x —p). (134)
o9
Combining (I31)), (I32) and (I34)) we find
V0PI = [ V009 (e bus T+ 20 [ (@t mu V- (135)
Q Q
<NV =Pz (el Lz + l[ullfys.a) + Cllull Ix = pllar, (136)

where we additionally used Holder’s inequality and Lemma [51l Since p and x can be assumed to be
average free Poincaré’s inequality yields

IV O =)z < IV 0= p)llee (el + ullfysa + Cllull ) (137)
implying
IV O =p)lee < lluellzz + llullfyra + Cllullge — 0 (138)
by (I20) and (&), proving (2al).

For any g € L?, using the equation for u we have

(€, 9)| = [{fea — VX, 9)] (139)
= [{(ut +u-Vu —vAu+ Vp — Vx, g)| (140)
< v[{Au, @) + (el Lz + ullfys + [1VO = p)lz2) gl 22 (141)
=0 (142)
thanks to (I28), (I20), (Ia) and (I3]), proving (2h).
Finally by ([{l) and Holder’s inequality
[vAu + €2 = |Au+ fez — V|| 2 (143)
= |Jlug +u-Vu+ Vp— Vx| 2 (144)
< Jluellzz + lullfraa + 1V = x)llz2 = 0 (145)

thanks to (I20), (Ial) and ([I38), proving (2d).
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3.3 Argument for Theorem Part 3

The claims follow easily from the fact that §& — 0 strongly in L?. In fact, using the assumption
im0 ||fe2 — Beal| 2 = 0 and that (£(¢), Vx(¢)) = 0 for all ¢ by orthogonality, then

€3 = (Bea-VrE)
(feq — Oeq, &) + (fea, &)
|0e2 — Oealr2||E|l L2 + (Pe2, &) — 0 ast — oo

IN

where we used that, thanks to the weak convergence of £ to zero (from part 2H)), [[£]|z> < C and
<962, €> — 0.

4 Proof of Theorem [1.3t Linear Stability

As described in the Introduction, in this section we explore linear stability of the hydrostatic equilib-
rium, under the following conditions:

1. The domain is a periodic strip, & =T x (0, h),
2. The friction coefficient « is constant.

Due to the flat boundaries the curvature vanishes, n = (0,n3), 7 = (—n9,0) and ny = 1, ng = —1
on the top and bottom boundary respectively. From these assumptions it follows that the boundary
conditions simplify to
62U1 = —20(U1 at o = h, (146)
0L U, = 2al; at x9 = 0. (147)

Additionally due to (22)) and (24 © satisfies ©(t) = O on the boundaries, implying

810 =0 (148)
on 0f.
The corresponding vorticity ¢ = V+ - U, analogously to [@6) and @), fulfills
G —VvA( =00 in Q, (149)
¢ =2al,; at o = h, (150)
¢ = —2al, at zo = 0. (151)

In order to keep the compact notations of the previous section, for the boundary terms we will write

TL262U1 = —20(U1 at 8(2, (152)
¢ =—2aU, at €. (153)

We also notice that similar to Lemma [2.2] Lemma, and Lemma 2.4]

U € L™ ((0,00); L*(€2)) N L* ((0, 00); H' (1)) (154)
© € L™ ((0,00); L*(2)) (155)
U € L™ ((0,00); L*(€2)) N L? ((0, 00); H (1)) (156)
IPI3 S UM% + ]2 (157)

and using (I5H) and a corresponding estimate as in Lemma 11 [|U||3. satisfies the assumptions of
Lemma [5.5] which implies

ULz — 0. (158)
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By Lemma 5.3 (B0), @0), (I57), Gagliardo-Nirenberg interpolation and Young’s inequality

1UNZ2 S IVCIZe + Ul S IAUNZ: + U7 S 10Nz + 1P + 1017 + U7
SO + 101172 + 1UIZ: S elUlZ= + (1 +€7) U172 + 11172 + [T 1%

for any € > 0. Choosing e sufficiently small we can absorb the H? term on the right-hand side and

using (I54), (I53) and ([I56) find
U e L™= ((0,00); H*(Q)) - (159)
Again using Gagliardo-Nirenberg interpolation we get H'-decay
1013 S MU a=lU 22 — 0,

where we used (I59) and ([I58). Combining these estimates we get the regularity results

U € L™ ((0,00); H*(2)) N L? ((0, 00); H' (1)) (160)
© € L™ ((0,00); L*()) (161)
U € L™ ((0,00); L*(€2)) N L? ((0, 00); H'(2)) (162)
P e L™ ((0,00); H'()) (163)
and
U@ 1 — 0 (164)

for t — oo similar to the nonlinear system.

Proof of Theorem [[.3. First, in order to show the regularity of U; we need to derive bounds for P;. In
order to do so notice that taking the divergence and time derivative of (20) and using the incompress-

ibility and (22])

AP, = 0,0y = —02Us. (165)
Using integration by parts and (I65])
||VPt||%2:/ PthPt—/PtAPt:/ PthPt—Fﬁ Pt82U2 (166)
a0 Q a0 Q

In order to calculate the boundary term notice that similar to (@3] P, fulfills
n-VP =2vr-V(aU; - 7) + n20¢ = 2v7 - V(U - 7) — BnaUs. (167)

Plugging (I67) into (IG0) and using the periodicity of the boundary we find

||VP,5||%2 =2V/ PtT-V(OéUt'T)—ﬁ Pt’rLQUg-i-B P.0xUs
o0 o0 Q

- —2u/ al, - VP, — 5/ PinoUs + 8 | PdoUs (168)
o0 o0 Q
SN Uil e + | Pell g2 U 2

where in the last inequality we used Lemma [5.4] trace Theorem and Holder’s inequality. As P is only
defined up to a constant we can choose it to be average free, which also implies that P, has vanishing
average. Therefore Poincaré’s inequality and (I6])) imply

1213 S IV PL S NPl Ul + 1P a2 U (169)
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which after d1V1d1ng by ||P||H1 ylelds ||Pt||H1 5 ||Ut||H1 + ||U||Hl
With a bound for the time derivative of the pressure at hand we can estimate (;. Taking the time
derivative of (I49), testing with ¢; and using ([22]) we find

1d
S Gl7 = V/ GAG +/ GO =v | GAG — ﬂ/ Gt Us. (170)
2dt Q Q Q Q
We first focus on the first term on the right-hand side of (If0]). Partial integration yields
v [ anc=v [ an-va-vIval- an)
Q a0
Similar to (I07) we find
I/TL'VCt :T'Utt+T'VPt—T2@t :T'Utt—FT'VPt—FﬂTQUQ. (172)
Plugging (7)) and (I72) into (I70) and, since by [@53), ¢ = —2art - Uy,
1d
S LGl + VGl

=/ CtT'Utt'i‘/ GT-VP +p GrUs — B [ (01U
90 90 90 Q

:—2/ OéT-UtT'Utt—Q/ aUy - VP, + CtTQUQ_B CtalUg
o0 o0 o0 Q

d

= __/ a(T'Ut)2—2/ aU; - VP + 3 CtT2U2—5/ (:01Us,
dt Jaq a0 a0 Q

which we can estimate by Lemma [5.4] trace theorem and Holder’s inequality as

1d
% (||Ct||%2 +2/ Oé(T'Ut)2> + V|V I7e
o0

SO [Pl e + Ul g2 U e+ [Uel [ 1U | 10
[I69) and Young’s inequality yield

1d
55 (161342 [ atr-00?) 4960
o0

SO + Nl 21U 2+ Ul U] g
SOz + el Ul + 1+ DU

for any € > 0. Next by Lemmas [5.1] and and choosing e sufficiently small,

d _
% (IO + [ a(r-00?) + AUl S 1003 + il + 0+ 01
a0 173)
! (
& (10U + [ atr- v ) + slUde S 100 + 101

Integrating (I73) in time and noticing that the right-hand side is uniformly bounded in time by (IG2)
and ([I6Q) we find

U € L? ((0,00); H*(Q)) (174)

as the bracket on the left-hand side of (I73) is positive since a > 0. In fact the equivalent statement

to (B2) yields

1V < DU + / alr- U2,
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implying
U, e L™ ((O,oo);Hl(Q)) . (175)
Using (I73) we find that |DU||7. + [ o 2 satisfies Lemma [5.5, which implies

IDU|7> + /a(r - U)? = 0.
Therefore Lemma [5.2] yields
[Ut|[ 2 — 0 (176)

for T — oo. Next, we show that | VO] 2 is uniformly bounded in time, which will be used to prove
the decay of ||U||g2. In order to do so we first prove the following two identities

1d

1
Sdt <||<||%2 + EHVGH%z) +v||V¢|3: = —2V/ alU - AU, (177)
a0

1d 1 2
—— [ IV¢I3: + =[IV?0)12: + —/ a(090)? ) + v||AC|2: = —2u/ al; - AU. (178)
2 dt B B Joa o0

We first show ([71): taking the gradient of (22]) one has
VO, + pVU; = 0. (179)
Testing (I79) with %V@ and ([[49) with ¢ and adding them we obtain

1d [, ., 1 2\ - .
= (||g||L2+E||v9||L2> —I//QCAC—i—/Q@lG) /QV@ V. (180)

We first focus on the last two terms on the right-hand side (I80). By the definition of ¢ and (2]

/<81®—/V®'VU2 /( 82U1+81U2 81 /81@81[]2—/82@82[]2
Q Q

/82U181 /82U282 (181)
—/62U1(91@+/61U1(92@.
Q Q

Integrating by parts twice, using (I48) and the periodicity in the horizontal direction, these terms
cancel as

—/82U181®—|—/81U182@:—/ n2U181®—|—/ U18182®+/81U182®
Q Q oN Q Q

(182)
= —/ 81U182@+/ U090 = 0.
Q Q
In order to treat the first term on the right-hand side of (I80) notice that by (G0
n-V¢=-n-AU+ =7 AU (183)
and therefore, using integration by parts, (IZ3) and (&0), it follows that
v [ eac= Vel +v [ Vo= —vIVelE: —2v [ atin- Ve
= —v||V¢||2: — 2u/ aU,r- AU = —v||V{|2: — 2u/ aU - AU.
o9 G19)
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Therefore combining (I80), (I81]), (I82) and ([I84) results in

1d 1
== C22+—V®22>+VVC22=—2V/ aU - AU,
5 (16132 + 51013 ) + vIvcl 3

proving the first identity, i.e. (I71).
Now we show (I78): taking the gradient of (I49) one has
V¢ — vVAC = V9,0 (185)
and similar for (I79)
V20, + VU, = 0. (186)
By (I83)), (I86) and (I7T9) one obtains
1d

1 2
-4 2, +—||v20|>? _/ 9,0)*
s (19¢IE: + 519013+ % [ at@se)
:y/ v<~VA<+/ vc-vale—/ V2e: V2U2—2/ ad200,Us.
Q Q Q a0
Using integration by parts, (I83) and ([I49), the first term on the right-hand side of (I87) satisfies

1// V(- VAC = —v||AC|3: + 1// V(- nAC
Q o0

(187)

— || AC) 2 + y/ r AUAC
o9 (188)

= U ACR + v / AU - 9,0)
o0

= U ACIZs + v / - AUG,
onN

where in the last identity we used that 0;© vanishes on 92 by (I48). Deriving ([I53]) with respect to
time one has

Ct = —2ar - Ut
on 09, which combined with (I88]) implies

u/ V(- VAC = —v||AL|2: - 2V/ al, - AU. (189)
Q o9

Next we will show that the last three terms on the right-hand side of (I87)) cancel. By the definition
of ¢

V(-V00 — | V?O: VU, = [ V(=0uUy +01U,) - V010 — | V2O: VU,
Q Q

Q Q

:—/ va201~va1@—/ V0,0 - Vo, U, (190)
Q Q

:—/ va201~va1@+/ V8,0 - Vo Uy,
Q Q

where in the last identity we used ([2I). Integrating by parts twice, using the periodicity of the domain
and (I48), yields

—/8182[]18%@:/81282[]181@:/ ngan181®—/812U18182®
Q Q o Q

:—/ 92U10,00,
Q
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which combined with (I90) implies

VC . V81® - V2@Z V2U2 = — 6%(]16182@ + 6%@(9182(]1 (191)
Q Q Q Q

Using integration by parts for both terms, the periodicity of the domain and that by ([28) U satisfies
7’L2(91(92U1 + 204(91 U1 =0

on 0, we find
—/ 8§U18182@+/ 0200,0,U;
Q Q

:/81822U182@+/ n282®8182U1—/826818§U1
Q o Q

(192)
= / (91(922[]1629 — 2/ a82681U1 — / (92@(916%(]1
Q 19) Q
= 2/ a82682U2,
19)
where in the last identity we used (2I). Therefore combining (I91) and (I92) results in
/ V(-Vo,0 —/ V20: VU, — 2/ ad00,Us
Q Q 19)
= —/ 822U18182® —|—/ 82268182[]1 — 2/ a0r00,U, (193)
Q Q 19)

= 2/ 04629(92[]2 — 2/ 04(92@62[]2 = 0,
o2 o2

i.e. the last three terms on the right-hand side of (I8T) cancel. Therefore by (I81), (I89) and (I33)
one has
ld 2 Liozonz. o 2 2 2
5= | IVClze + ZlIVoOlz: + = [ a(020)7 | +v[|All[z2 = =2v [ alUi- AU,
2dt 5 B Joa 20

proving the second identity, i.e. (I7]).
Combining (I77) and (I78) we obtain

1d

1 1 2
—— (Iv¢l?. + 22+—v2@22+—VG22+—/aa@2>
57 <|| Cllze + ISz BH I ﬁll I - (020)

B
+V[IACIL: + vIIVE]IZ (194)

= —2V/ a(U+U) AU
o0
and, using trace estimate and Young’s inequality, we have

V/ la(U +U) - AU| < avC([U | + 10Ul ) U || s

00 (195)
< ve|Ulgs + e waC(|U|1H + 11U )

for any € > 0. By Lemma 53] proven in the appendix, there exist constants C, C,, > 0 such that

1UN5s < CIACIZ2 + CallUlI < CIACIZ: + CallVEI[72 + Call Ul (196)
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which combined with (I94) and ([I95]) yields

ld 2 2 1 2 2 1 2 2/ 2
5 (1€ + 113 + 51V2612: + 190l + 5 [ a@e)
+ VA= + vIVEI3:

< Cev||AdlfEs + Caev||[VC]IZ2 + Ca(l+ e r(|UlFn + [Udlizn)-

(197)

Choosing € = m the ¢ terms on the right-hand side of (I97) can be absorbed and therefore

ﬂ 2 2 l 24112 l 2 2/ 2
2 (19612 + 16122 + 519612+ 51v0l2: + 5 [ a(0)

+ V| ACIZ: + VIVl
STz + 10 5

(198)
holds. Integrating in time ¢ € (0,T) for any T" > 0 and using that the right-hand side of (I98) is
integrable in time by (I60) and (I62)), we obtain
1 1 2
IV + 16T + FIT° O + FITOWDIE: + 5 [_a@erm)?

2 o0
S 100l + @0l + 5 /ma@eo)% / T2 + [T(s)[2) ds

IN
Q @~

for some constant C' > 0, independent of time, and hence,
© € L™ ((0,00); H*(2)) . (199)
Next we show the decay of ||U||g=. By (IT17), 20) and (I79)

1d

1
Vel = -2 [ av- a0 - 32 (16s + 317612 )

:—2u/ aU-AU—/ggt—l/VG-VGt

a0 Q B Ja

=—2V/ aU-(Ut—l-VP—@eg)—/CCt—i— VO - VU,
a0 Q Q

and using trace theorem, Lemma 5.4 and Hoélder’s inequality
vIV¢IZe S U (10l + [Pl + 18] 1)

By (73, (I63) and ([I99) the bracket is universally bounded in time and as ||U|| g1 decays by (64,
Lemma [5.3 results in

ITONF2 S IVEDIZ: + 1UD]F — 0 (200)

for t — oo.

By 20)
[VP —©ez||2 = |Us — vAU|| > < Uil 2 + v||U]| g2 — 0,

for T — oo, where in the last limit we used (76 and ([200). This proves the desired convergence.
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Finally we prove a higher order regularity. As U,U; € L*((0,00); H*(2)) by (I60) and (I62),
integrating (I98)) in time shows that

y / TS B + IVC(5)]120) ds

1 2 >
S 310l + 1€l + 5 /8 a(@0)* + / (T2 + [T (s)[20) ds
< o0
and therefore (I96) implies

U e L?((0,00); H*()) . (201)

5 Appendix

5.1 Gradient Estimates

Here we provide key lemmas that enable our analysis. Lemma [5.1] proves an equivalence of norms
for the full gradient, strain tensor, and vorticity.
In the following we use the notation

/Vu Vo de = /Biujaivj dx
/]D)u Do da = /(ID)u)ij (Dw);; dx = %/aiu_jai’l)j + O;u;05u; dx.

Lemma 5.1. Assume Q is a Ct'-domain, u,v € HY(Q) fulfill () and u satisfies @). Then for
w=V*t-uandn=V"t- v, where V*+ = (=0, 0),

2/Du:]D)v:/Vu:VU+/ ﬁuTUT:/wn+2/ KU Vs (202)
Q Q Ele) Q 90

If additionally v € H? fulfills ()

- Au~v:2/Du:Dv+2/ QUL v, (203)
Q

Q le)
‘/ Au-=
Q

for all 2 € H', where C = C(a, Q) > 0.

and

< Cllull g |El (204)

Proof. Assume at first u € H2. Then

2/DUZDUZ%/(VU—I—VUT):(VU—FV’UT):/
Q Q

Vu : Vo +/ Vu : VoT. (205)
Q Q

Using integration by parts the second term in (208 is given by

/ &-ujajvi e —/ (%(%‘Ujvi +/ n - (v . V)u e / UV - (7’ . V)U, (206)
Q Q oN o
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where the last identity is due to u satisfying ([2)) and v satisfying (@). Combining (205]), (206]) and (49)

we find
2/Du:Dv:/Vu:Vv+/ KU V7,
Q Q o0

which by density also holds for u € H*, proving the first identity of (202).
Similar to the proof of the first identity, integration by parts implies

/Vu:Vv:—/v-Au+/ v-(n-V)u:—/thlw—F/ vrT - (n- V)u, (207)
Q Q X9) Q T9)

where the last identity is due to (B0]) and v satisfies (@]). Using integration by parts again the first term
on the right-hand side of (207) is given by

—/v-VLw:/vL-Vw:/ vL~nw—/V-va:—/ va—l—/nw. (208)
Q Q o9 Q X9) Q

In order to calculate the remaining boundary terms notice that the algebraic identity 7;7; +n;n; = d;5,
where d;; is the Kronecker delta, i.e. d;; = 0 for ¢ # j and d;; = 1 for ¢ = j, holds and therefore

T n-Viu-—w=71-n-Vu-Vtu=1r-n-Viu—7-(1-VHu—n-(n-V-u
=7-(n-Vut+71-(1F-Vut+n-(nt - Viu=n-(r-V)u= ru,,
where the identity is due to (@9]). Combining (207]), (208) and (208) yields the second identity in (202]).
To prove ([203)), integration by parts yields

- Au-v:—/ v-(n-V)u+/Vu:Vv:—/ vTT~(n-V)u+/Vu:Vv, (209)
Q r9) Q o9 Q

as v satisfies ([B). The boundary term can be written as
—7-(n-Viu==2[Dun) -7+n-(7-Vu=2a+ K)ur, (210)

where in the last identity we used (@) and (@9). Combining ([209), 2I0) and [202) yields the claim.
Next we focus on ([204). Partial integration again yields

—/Au-E:/VU:VE—/ E-(n-V)u
Q Q o9

Note that n;n; + 7,75 = §;; and (210) imply

— | Au-E= Vu:VE—/ (E-T)T-(n-V)u—/ (E-n)n-(n-Viu
Q Q o9 o9 (211)

= [ Vu: VE—i—/ (2a+f<a)ETuT—/ (E-n)n-(n-Vu.
o9 o9

In order to estimate the last term on the right-hand side of ([2I1]) we extend n to the whole space
according to Corollary (.6, i.e. there exists n € W4(Q) fulfilling

nlea = n, (212)
[nllwra < Cllnllwre < CA+ [|K]loo)- (213)
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Therefore Stokes’ theorem implies
o0
[ on (@m0 v
a9

:'/ﬂv-((E-n)(n-V)u)

(214)
_|_

< ‘/ 0iZnimkOku;
Q

+‘ Z;0ininkOkui| + ‘/ 25n;0imk Ok /Ejﬁmkak&ui
Q Q Q

< lnllze (nllz=<IVEI 2 VullL2 + 20 Vnll s |E] 4]Vl 2) + '/Q(E'n)(n V)V - u)

The last term in (2I4)) vanishes by (2)) and the remaining terms can be bounded using Sobolev embed-
ding resulting in

< CllnllfyrallEl e [Vl e < CQ+ [8IZ)NE] e Ve e, (215)

| & mn- @9y

where in the last inequality we used (2I3]). Using Holder’s inequality for the first and trace Theorem
and Holder’s inequality for the second term on the right-hand side of (2I1]) we find, after plugging in

@15),

Au- =
Q

< (V41120 + sllpee + 617w ) ClIEN e [lull -

O

Lemma exploits Lemma [5.1], showing coercivity for the Laplace operator combined with the
Navier-slip boundary conditions due to a > 0.

Lemma 5.2 (Coercivity). Let Q be a Ct'-domain, a > 0 almost everywhere on 9Q and u € H*
satisfy @) and [@). Then there exists a constant C = C(|Q]) > 0 such that
IVullZ- +/ au? > Cmin {1, o™ |7} [lullf, (216)
a0

D7 + /aQ au? > Cmin {1, [la™ |z~ [la™ " sll 7 } ull (217)

Proof. First use the fundamental theorem of calculus, Young’s and Hélder’s inequality to get

2

u(ar, z2)* = < 2uf (w1, &2) + 2[w — T2 |02ul| 72 sy (218)

T2
’U/(Il,i'g)-‘r/ dou(xy,2) dz
T2

for all z € Q and Z5 such that (21, Z2) € 9 and the straight line from (z1, Z2) to (z1, z2) are completely
in 2, where L?(z;) indicates the L?-norm of the vertical line pieces at 1. In the inequality in (2IS)
we also used u(x1,&2) = ur(r1,Z2) as u-n = 0 on the boundary by (@). Integrating over 2 we find

ul|2: < C (/asl u? + ||Vu||2L2> < Cmax{l, ||ofl||Loo} (/asz au? + ||Vu||2L2) (219)

for some constant C' > 0 depending on |Q|, proving (2I6). In order to prove (ZI7) notice that by
Lemma [5.1]

IVul = 21Duls ~ [ wu2 < 2Duls + o ulin [ aud
o0 o

1
< 2max {1,||a "KL~} <||]D)u||%2 + 5/ aui) )
o9
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which yields
1 2
min {1, la~ k|72 } IVulZe + 5 | au?
2 Jog

> L win {1, Ja 72, o Rl 2L ) (nwn%%ﬂﬁ)

> Cmin {1, [|a” ik, lla™ fi”Zolo}”UH%ﬂv

IDull2, + / ol >
o0

>—~l\3|>—~

[\)

where in the last inequality we used (219). O

Using the stream function formulation, Lemma [5.3] extends Lemma 5.1l allowing us to exchange
between the full gradient and the vorticity for higher order Sobolev norms.

Lemma 5.3. Let 1 <p < o0, k€ Ng, 1 <r < oo, Q be a C*V-domain and u satisfy @) and (G)
and w = V+ -u. Then there exists a constant C = C(0,p, k,r) > 0 such that

IVullwsr < C(wllwes + lluflzr) - (220)
Additionally for a € W2:°(9Q) and a C*+31-domain (,
IVullwrizr < CllAw]wrr +C ([le+ Kllwrszooaa) + 1) [ullwesz. (221)

Proof. Let ¢ be the stream function of u, i.e. u = V+¢, then taking the curl of u shows A¢ = w.
Additionally ¢ is constant along connected components of the boundary as

d

P\ t(\)-Vo=7-Vo=7"-Vip=—-n-u=0,

Bl (V) a2(N) = 7

where A is the parameterization of 92 by arc length. Therefore the stream function fulfills
Ap=w in Q
¢ =1 on I';,
where 1; are constants and I'; are the connected components of 9. As ¢ is only defined up to a

constant we can assume that it has vanishing average to be able to use Poincaré inequality. By elliptic
regularity (for details see Remark 2.5.1.2 in [22]) ¢ — (—Ad¢, ¢|aq) is an isomorphism from Wk +2P(Q)

onto WHP(Q) x Wk”*%’p(BQ), which combined with the definition of ¢ implies

[Vallwes < éllwrzs < Cllllws + Clollwsa b - (222)
In order to estimate the boundary terms note that by trace estimate
161 -iomy = S 19lncry = 3 [ 160 = 1610
= LWl =2, ), o 2

< H(ZS”WLP(Q) < C||v¢||1£p(g) = CH“Hip

for all s > 0, where in the last inequality we used Poincaré inequality and in the last identity the
definition of ¢. Gagliardo-Nirenberg interpolation and Young’s inequality imply

lullzs < CIVulg ull 577 + Cllullzs < eoClVallss + (1= p)e ™5 +1) Cllullzs— (224)

for all € > 0, where p = ?)g—:g. Combining [222)), 223), (224) we find

IVullwer < Clwllwsr + €ClIVullzr + Cellul -,
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due to Holder’s inequality applied to the last term. This estimate yields ([220) after choosing e suffi-
ciently small.

The proof of (221)) follows a similar strategy. By elliptic regularity for the vorticity, w — (—Aw, w|sq)
is an isomorphism from W*+2:P(Q) onto W*»(£2) x Wk+2_%’p(8Q), which combined with the boundary
condition ({T) yields

[wllwrszr < ClAwllwrr + Cll(a + K)ur|| a1 (225)

Po0)

The boundary term can be estimated by Holder’s inequality and the trace theorem (for details see
Theorem 1.5.1.2 in [22]) by

[l (a + K)UTHWkJr? o+ Kl k2,00 (90 [l ws+2.0(02) - (226)

<
*%”’(asz) <
Combining (220), (225) and (226]) we find
IVullwrsze < CllAwllwrs + C ([la+ Kz gy + 1) ullwnrs.
o

Lemma [B54] provides estimates for gradients multiplied with vector fields satisfying (@) and (@]).
While integrals over the whole space would vanish because of orthogonality, they are in general nonzero
for boundary integrals. However, the orthogonality provides bounds that require less regularity than
trace estimates.

Lemma 5.4. For a C*'-domain Q, f € WH>°(0Q), p € HY(Q) and v € H(Q) satisfying V-v =0
in Q and v-n =0 on 0N there exists a constant C > 0 depending only on the Lipschitz constant of
such that

< Ol fnllwre oo llpllar vl -

/asz fo- Vp‘ B ‘/asz pr-V(fv-T)

Proof. First, as connected components of the boundary are closed curves and 7 -V is the tangential
derivative along 0f) parameterized by arc-length, we find the integration by parts formula

fo-Vo= [ porVo= [ 25— [ prvige == [ e

[219] Q

where v, = v - 7. Using product rule and v-n =0

/ pT'V(f’UT):/ pv-Vf+ fpr-Vou,. (227)
o9 X9) o9

The first term on the right-hand side of (227)) can be bounded using Holder’s inequality and the trace
theorem as

W Y e P P T e P P
o0

In order to estimate the second term on the right-hand side of ([221) notice that since W1°°(9Q) C

Wl_%’p(aQ) for all 1 < p < oo we are able to extend fn € WhH(9Q) to n € WHP(Q) as described in
Corollary 5.0 i.e.

nloa = fn, Inllwir) < Cllfnllwreoa)- (228)
Since 7+ (7- V)7 = 37-V(r-7) =0

7-Vor=7-Vo-1)=v-(r-V)r+7-(7-Vvo=v7-(7-V)T+7-(1-V)v
=71-(1-V)o,
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which combined with 7;7; + n;n; = d;; implies
T - V’UT = Tirj&-vj = 5ij8ivj — nmj(?ivj =V-v—n- (n . V)’U =nNn- (TL . V)’U, (229)

where in the last identity we used the divergence free assumption on v. Using ([228) and (229)) and
Stokes’ theorem we can estimate the second term on the right-hand side of (227) as

/agpr'va:_/(mfpn'(n'v)v:_/(mpn'(W'V>U:_/QV'(P(77'V)U)

[ Vot V)= [ paumdy— [ oln- )V o) o

The last term on the right-hand side of ([230]) vanishes by the divergence free assumption on v and for
the other terms we use Holder’s inequality, the Sobolev embedding theorem, and ([228) to find

’/ pr'VUT
o

S Il ol lfollae + lnllwallpll zallol

< nllwrallpll e [v]l g
S Hf”HWLw(aQ)HPHHl||UHH1-

5.2 Technical Lemmas

The following Lemma is a slight modification of Lemma 3.1 in [16]. For details see Lemma 49 in
M].

Lemma 5.5. Assume f € L'(0,00) is a non negative that satisfies f' < C for a constant C' and all
t > 0. Then

fit)y—=0 fort — oo.

The following Corollary is an immediate consequence of Theorem 1.5.1.2 in [22] with [ = k = 0 and
s=1.

Corollary 5.6. Let Q be a CY'-domain and 1 < p < co. Then for every g € Wlf%’p(BQ) there exists
f € WHP(Q) with

floo=g  and  [fllwesce) < cllgll iz

Acknowledgement

F.B. acknowledges the support by the Deutsche Forschungsgemeinschaft (DFG) within the Research
Training Group GRK 2583 ”Modeling, Simulation and Optimization of Fluid Dynamic Applications”.

The research of E.C. was supported by the Pacific Institute for the Mathematical Sciences (PIMS).
The research and findings may not reflect those of the Institute. E.C. acknowledges and respects the
Lekwungen peoples on whose traditional territory the University of Victoria stands, and the Songhees,
Esquimalt and WSANEC peoples whose historical relationships with the land continue to this day.
E.C. was also supported in part by the Department of Defense Vannevar Bush Faculty Fellowship,
under ONR award N00014-22-1-2790.

C.N. was partially supported by DFG-TRR181 and GRK-2583 and thanks Christian Seis for useful
comments on a previous version of the paper.

32



References

M. S. Aydin and P. Jayanti. Fractional reqularity, global persistence, and asymptotic properties
of the Boussinesq equations on bounded domains. 2024. arXiv: [2403.12509.

M. S. Aydin, I. Kukavica, and M. Ziane. On Asymptotic Properties of the Boussinesq Equations.
2023. arXiv:[2304.00481.

A. Biswas, C. Foias, and A. Larios. “On the attractor for the semi-dissipative Boussinesq equa-
tions”. In: Annales de UInstitut Henri Poincaré C Analyse Non Lindire 34 (2017), pp. 1219-
1450.

F. Bleitner. “Buoyancy-driven flows with Navier-slip boundary conditions”. Dissertation. Uni-
versity of Hamburg, 2024.

F. Bleitner and C. Nobili. “Bounds on buoyancy driven flows with Navier-slip conditions on
rough boundaries”. In: Nonlinearity 37 (2024), p. 035017.

L. Brandolese and M. Schonbeck. “Large time decay and growth for solutions of a viscous Boussi-
nesq system”. In: Transactions of the American Mathematical Society 364 (2012), pp. 5057-5090.

J. R. Cannon and E. DiBenedetto. “The initial value problem for the Boussinesq equations with
data in LP”. In: Approxzimation Methods for Navier-Stokes Problems. 1980, pp. 129-144.

A. Castro, D. Cérdoba, and D. Lear. “On the asymptotic stability of stratified solutions for the
2D Boussinesq equations with a velocity damping term”. In: Mathematical Models and Methods
in Applied Sciences 29 (2019), pp. 1227-1277.

D. Chae. “Global regularity for the 2D Boussinesq equations with partial viscosity terms”. In:
Advances in Mathematics 203 (2006), pp. 497-513.

D. Chae and O. Y. Imanuvilov. “Generic Solvability of the Axisymmetric 3-D Euler Equations
and the 2-D Boussinesq Equations”. In: Journal of Differential Equations 156 (1999), pp. 1-17.

D. Chae, S.-K. Kim, and H.-S. Nam. “Local existence and blow-up criterion of Hélder continuous
solutions of the Boussinesq equations”. In: Nagoya Mathematical Journal (1999), pp. 55-80.

D. Chen and X. Li. “Stability of stationary solutions to 2D Boussinesq equations with partial
dissipation on a flat strip”. In: Nonlinear Analysis 215 (2022), p. 112639.

T. Clopeau, A. Mikelic, and R. Robert. “On the vanishing viscosity limit for the 2D incompress-
ible Navier-Stokes equations with the friction type boundary conditions”. In: Nonlinearity 11
(1998), pp. 1625-1636.

P. Constantin and C. Foias. Navier-Stokes equations. Chicago Lectures in Mathematics. 1988,
pp. x+190.

R. Danchin and M. Paicu. “Les théoremes de Leray et de Fujita-Kato pour le systeme de Boussi-
nesq partiellement visqueux”. In: Bulletin de la Société Mathématique de France 136 (2008),
pp. 261-309.

C. R. Doering et al. “Long time behavior of the two-dimensional Boussinesq equations without
buoyancy diffusion”. In: Physica D: Nonlinear Phenomena 376-377 (2018), pp. 144-159.

L. Dong. “On stability of Boussinesq equations without thermal conduction”. In: Zeitschrift fir
angewandte Mathematik und Physik 72 (2021), pp. 1-18.

L. Dong and Y. Sun. “Asymptotic stability of the 2D Boussinesq equations without thermal
conduction”. In: Journal of Differential Equations 337 (2022), pp. 507-540.

L. Dong and Y. Sun. “On asymptotic stability of the 3D Boussinesq equations without heat
conduction”. In: Science China Mathematics (2023), pp. 1-28.

T. D. Drivas, H. Q. Nguyen, and C. Nobili. “Bounds on heat flux for Rayleigh-Bénard convection
between Navier-slip fixed-temperature boundaries”. In: Philosophical Transactions of the Royal
Society A: Mathematical, Physical and Engineering Sciences 380 (2022), p. 20210025.

33


https://arxiv.org/abs/2403.12509
https://arxiv.org/abs/2304.00481

21]

M. C. L. Filho, H. J. N. Lopes, and G. Planas. “On the Inviscid Limit for Two-Dimensional In-
compressible Flow with Navier Friction Condition”. In: STAM Journal on Mathematical Analysis
36 (2005), pp. 1130-1141.

P. Grisvard. Elliptic problems in nonsmooth domains. Pitman Advanced Publishing Program,
1985.

T. Hmidi and S. Keraani. “On the global well-posedness of the two-dimensional Boussinesq
system with a zero diffusivity”. In: Advances in Differential Equations 12 (2007), pp. 461-480.

T. Y. Hou and C. Li. “Global well-posedness of the viscous Boussinesq equations”. In: Discrete
and Continuous Dynamical Systems 12 (2005), pp. 1-12.

W. Hu, I. Kukavica, and M. Ziane. “On the regularity for the Boussinesq equations in a bounded
domain”. In: Journal of Mathematical Physics 54 (2013), p. 081507.

W. Hu, I. Kukavica, and M. Ziane. “Persistence of regularity for the viscous Boussinesq equations
with zero diffusivity”. In: Asymptotic Analysis 92 (2015), pp. 111-124.

W. Hu et al. “Partially dissipative 2D Boussinesq equations with Navier type boundary condi-
tions”. In: Physica D: Nonlinear Phenomena 376-377 (2018), pp. 39-48.

J. Jang and J. Kim. “Asymptotic stability and sharp decay rates to the linearly stratified Boussi-
nesq equations in horizontally periodic strip domain”. In: Calculus of Variations and Partial
Differential Equations 62 (2023).

K. Kang, J. Lee, and D. D. Nguyen. “Global well-posedness and stability of the 2D Boussinesq
equations with partial dissipation near a hydrostatic equilibrium”. In: Journal of Differential
Equations 393 (2024), pp. 1-57.

J. P. Kelliher. “Navier—Stokes Equations with Navier Boundary Conditions for a Bounded Do-
main in the Plane”. In: SIAM Journal on Mathematical Analysis 38 (2006), pp. 210-232.

A. Kiselev, J. Park, and Y. Yao. Small scale formation for the 2D Boussinesq equation. 2022.
arXiv: [2211.05070.

I. Kukavica, D. Massatt, and M. Ziane. “Asymptotic properties of the Boussinesq equations
with Dirichlet boundary conditions”. In: Discrete and Continuous Dynamical Systems 43 (2023),
pp. 3060-3081.

I. Kukavica, F. Wang, and M. Ziane. “Persistence of regularity for solutions of the Boussinesq
equations in Sobolev spaces”. In: Advances in Differential Equations 21 (2016), pp. 85-108.

M.-J. Lai, R. Pan, and K. Zhao. “Initial Boundary Value Problem for Two-Dimensional Viscous
Boussinesq Equations”. In: Archive for Rational Mechanics and Analysis 19 (2011), pp. 739-760.

S. Lai et al. “Optimal Decay Estimates for 2D Boussinesq Equations with Partial Dissipation”.
In: Journal of Nonlinear Science 31 (2021), pp. 1-33.

A. Larios, E. Lunasin, and E. S. Titi. “Global well-posedness for the 2D Boussinesq system
with an isotropic viscosity and without heat diffusion”. In: Journal of Differential Equations 255
(2013), pp. 2636-2654.

E. Lauga, M. Brenner, and H. Stone. “Microfluidics: The No-Slip Boundary Condition”. In:
Springer Handbook of Experimental Fluid Mechanics. Springer, 2007, pp. 1219-1240.

B. Li, F. Wang, and K. Zhao. “Large time dynamics of 2D semi-dissipative Boussinesq equations”.
In: Nonlinearity 33 (2020), pp. 2481-2501.

H. Li, Z. Xu, and X. Zhu. “The vanishing diffusivity limit for the 2-D Boussinesq equations with
boundary effect”. In: Nonlinear Analysis 133 (2016), pp. 144-160.

M. Li and Y.-L. Wang. Zero-viscosity Limit for Boussinesq Equations with Vertical Viscosity and
Navier Boundary in the Half Plane. 2023. arXiv: [2202.02712

34


https://arxiv.org/abs/2211.05070
https://arxiv.org/abs/2202.02712

[41]

L. Ma and L. Li. “Stability and large-time behavior of the 3D Boussinesq equations with mixed
partial kinematic viscosity and thermal diffusivity near one equilibrium”. In: Mathematical Meth-
ods in the Applied Sciences 46 (2022), pp. 6111-6134.

L. Tao et al. “Stability Near Hydrostatic Equilibrium to the 2D Boussinesq Equations Without
Thermal Diffusion”. In: Archive for Rational Mechanics and Analysis (2020), pp. 585-630.

Y. Wan, X. Chen, and D. Chen. Stability and large time behavior for 2D Boussinesq system with
horizontal dissipation and horizontal diffusion. 2022.

S. Weng. “Remarks on asymptotic behaviors of strong solutions to a viscous Boussinesq system”.
In: Mathematical Methods in the Applied Sciences 39 (2016), pp. 4398-4418.

T. S. Wood and P. J. Bushby. “Oscillatory convection and limitations of the Boussinesq approx-
imation”. In: Journal of Fluid Mechanics 803 (2016), pp. 502-515.

Y. Zhong. “Stabilization and exponential decay for 2D Boussinesq equations with partial dissi-
pation”. In: Zeitschrift fir angewandte Mathematik und Physik 73 (2022), pp. 1-12.

35



	Introduction
	Proof of Theorem 1.1
	Argument for W1p-regularity for p bigger or equal 2
	Argument for H1-pressure-regularity
	Argument for ut-regularity

	Proof of Theorem 1.2: Large time behaviour
	Proof of Theorem 1.2 Part 1
	Argument for Theorem 1.2 Part 2
	Argument for Theorem 1.2 Part 3

	Proof of Theorem 1.3: Linear Stability
	Appendix
	Gradient Estimates
	Technical Lemmas


